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(23HPC0108) STRUCTURAL ANLAYSIS

Course Objectives

Learn energy theorems

Learn the analysis of indeterminate structures
Analysis of fixed and continuous beams
Learn about slope-deflection method

Learn about Moment — distribution method

Course Outcomes:

Apply energy theorems to analyze trusses

Analyze indeterminate structures by using Castigliano‘s—II theorem

Analysis of fixed and continuous beams

Analyze continuous beams and portal frames by using slope-deflection method
Analyze continuous beams and portal frames by using Moment — distribution
method

UNIT -1

ENERGY THEOREMS: Introduction-Strain energy in linear elastic system, expression of
strain energy due to axial load, bending moment and shear forces — Castigliano‘s first
theoremDeflections of simple beams and pin jointed trusses.

UNIT - 11

ANALYSIS OF INDETERMINATE STRUCTURES: Indeterminate Structural Analysis —
Determination of static and kinematic indeterminacies — Solution of trusses with upto two
degrees of internal and external indeterminacies — Castigliano‘s—II theorem.

UNIT - 111

FIXED BEAMS & CONTINUOUS BEAMS : Introduction to statically indeterminate beams
with uniformly distributed load, central point load, eccentric point load, number of point
loads, uniformly varying load, couple and combination of loads — Shear force and Bending
moment diagrams — Deflection of fixed beams effect of sinking of support, effect of rotation
of a support.

UNIT -1V

SLOPE-DEFLECTION METHOD: Introduction-derivation of slope deflection equations-
application to continuous beams with and without settlement of supports - Analysis of single
bayportal frames without sway.
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UNIT -V
MOMENT DISTRIBUTION METHOD: Introduction to moment distribution method-

Application to continuous beams with and without settlement of supports-Analysis of single
bay storey portal frames without sway.

Textbooks:
1. Analysis of Structures — Vol-I&Il by V.N.Vazirani&M.M.Ratwani, Khanna

Publications, New Delhi.
2. Basic Structural Analysis by C.S.Reddy., Tata McGraw Hill Publishers. 3" edition

2017.
Reference Books:

1. Structural analysis by Aslam Kassimali Cengage publications 6™ edition 2020.
Structural analysis Vol.I and II by Dr.R.Vaidyanathan and Dr.PPerumal— Laxmi

publications. 3™ 2016
3. Introduction to structural analysis by B.D.Nautiyal, New Age international publishers,

New Delhi.
4. Structural Analysis — D.S.Prakasarao -Univeristy press.
5 Strength of Materials and Mechanics of Structures by B.C.Punmia, Khanna

Publications, = New Delhi.
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Example 3.11 A simply supported beam of span L, carries a concentrated load P at a distance
a from left hand side support as shown in Figure 3.22. Using castigliano’s theorem determine the
deflection under the load. Assume uniform flexural rigidity.

e
h

Figure 3.22 Example 3.1

Solution Reaction at A,

Pb
Ry 52
b
and Reaction at B,
Pa
Ra= —
t A
Table 3.9 Calculation table for Example 3.11
Portion AC CB
Origin A B
Limit 0-a 0-b
M f-,lx fg—x
L L
Flexural Rigidity El £l

Therefore, Shear Energy of the beam

a b
U= I P—b\ de - P—bx der
3 L 2E1 L 2FE1
szz 1 3 : Pza’ 1 3
= X -+ = x X
b oz 6ET L - 6 E1

Prd’ N Pa*h’
6EIL? 6EIL”
P2 a’b?

—(a+b)

= — Since,.a+b=1L

83U _ Pa’b’
&P  3EIL




Example 3.12 Determine the vertical deflection at the free end and rotation at 4 in the
overhanging beam shown in Figure 3.23(a). Assume constant £/. Use Castigliano’s method.

l?akN
;{’%7 6m ?B 2m !C

1 kN

Figure 3.23(a) Example 3.12
Solution (1) Deflection at C: Taking 3 kN force as p,

Rgx6=Px8
4
Ry= ZpT
¥ a3

P

R,= —
A= 59

!
' T,

Figure 3.23(b) Reaction if 3 kN load is taken as ?

Bending moment expressions are noted, in the tabular form.

Table 3.10 Calculation table for Example 3.12

Portion AB BC
Origin A [ 5
Limuit 0-6 0-2
M ix —Px
3
Flexural Rigidity El E7

P’ i 6+ P’ |
ISFEI| 3 s 6 E/

o
El

p2
£l

4
+—X
3

5.333pP°

EI
dU 10.667P
dP EI

AC=

Substituting P = 3 kN, we get
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Castigliano’s Theorems:

The theorem of least work derives from what is known as Castigliano’s second theorem. So, let’s first
state the two theorems of Carlo Alberto Castigliano (1847-1884) who was an Italian railroad engineer.
In 1879, Castigliano published two theorems.

Castigliano’s fi |
The first partial derivative of the total internal energy (strain energy) in a structure with respect to any particular deflection
component at a point is equal to the force applied at that point and in the direction corresponding to that deflection
component.

This first theorem is applicable to linearly or nonlinearly elastic structures in which the temperature is constant and the
supports are unyielding.
R

The first partial derivative of the total internal energy in a structure with respect to the force applied at any point is equal to
the deflection at the point of application of that force in the direction of its line of action.

The second theorem of Castigliano is applicable to linearly elastic (Hookean material) structures with constant temperature
and unyielding supports.

Note that in the above statements, force may mean point force or couple (moment) and displacement
may mean translation or angular rotation. Proofs of Castigliano’s theorems are given at the end of this
document.

Without further due, here is the theorem of least work, a.k.a. Castigliano’s theorem of least work:

The redundant reaction components of a statically indeterminate structure are such that they make the internal work (strain
energy) a minimum.

8,24,

. Total strain energy stored by the frame = U = ZZA E
: _ 1

l
2_1
Y.(P, +XK) AE
, ccordmgtoleastworkmnmpleax

K,
= 3y 2 (PAXK) —— =0

AE "
PIKIII Klzll .
o XL 4p *XXGp =0
' PlKlil
AE
or X=-—AE
K\l

AE



[ I3 ‘0"‘2'- !

= 1342 ko ﬁmim]

& Find  the  <hier 1 W rramboy ’i {m

shown dn —rl'jwt . We cwiy aws ond

‘\Poﬁu" "In(‘“t°3 1 wlt r,u M{nb“k .t‘h:_—

M 2R
Same ) = PB( Q‘.ﬂﬂ.
f'pc ' ' s
# B vesls :""5'3'—‘“ !
T z
Un thiz sy kN ( 2
7m =8 c"nP"MJ
“kfn ‘h 'l')‘(lnu‘ -
N
ncke fey {hute, i ) int B
i e W o
LTI e o bex §v=0
fip_8 .
ke uh "hbn w S = ? rsoz?ac .'o:ﬂ 47
LS
v & . f i
Bdurdant o "B, T bae  dalorminale » T,
Iy
’f{wl’ﬂou wilh e 9iveny  Joads a Ghy i : e
wn )
d 1 l?w =g tdl [ Cumpaumn]
dn piw 404) and it g und Jdood . .
=0 Y

oo Jh diuelio 0b U Redoadant tﬂu & ' | | g
P - Boe (45 ¢ ll3.|3x7: 11— —py

Mon dn - i 4(¢)

ik
o (J,
g [ Bus o)
&P.fonu;, | i N |
Pl il pro
A Bup ‘qJ\l :0.
40 +PBD"P4D§G4-'S':0
™ P e -
4N 40 4 §0 =Py, 0 45 =0
| Pyp <1641 1 |
.l
=0 (Gerwi o) |
PDE = 200 _fmplﬂhn]




-

T —— \‘ »

. “h
F ¥ _t”‘r?l(?f,'- “’mw?nj Pelanal  Jaa and . _‘g ) A"‘ \;.
n"’cdu‘m’ 1ln” Josd .' -o‘\ — 49
~—2 | k£ |U 4 P ¥ Strm
Jhe .hbhc(wn XUk ba % | a !

'P"" ¢ ‘ 3 g.' 007 | % - 16948 | 149 Y
Fols & h | 0 |4 o | 0 Lun
ok SN N

- ‘ \
Akl \loy |
p \ \ 0
oY .s"*\ \ §o L : 2
i b -(a-'\*e . ottt | 5 a0 14 3.6
€ P a0 : :
A ‘-S " . . " .
V0 g0 | o3 |&n 169568 | 149 {1947
kgp = 4 Sh 4§ ! ~fgal | 1R ARG L sy
' LB b . 1Y A 4.2, |64
»o— = 0.1 [Covm SPEI: g
B [“"qu : 'luas.'w é(aw
| 12.997
M= o, B |
‘ ©F Tae 1369 4 .
Kag = 1 Cags’ : g -
: & i 4 ¥F: wqie 18.897
PR fcmpwm] e 2 B0
AL

Toint . pe

e — —

i Fied e —forten dn

dwon Shown' dn Keore . G oo Ase oy

The -rrumbory " Ty

e . T
Cgp = Kap qun &5
]

area and vdouac&'a mocltlo 3 0{ all *The

memkeyS qve  Sawe . e
- gri=t gobt
< ' i s\ v '. /a '6

l: [ 9 =7 /
GD t‘b'm?S. : '2
3 /
kep £ = »+ ; :
' I o /

5 ‘ 3 ¢

. ! Kep tbﬂﬂi [CWP"M,BI\] ;G‘ p Q

y 2 L 3m 4 Im

o v v ’

1 -~ -




o

R
%'H =0
i Pﬂa .’°|
A Tk O -
g A‘ﬁdv:c
P - .
& '.P'D PBD - P'\D Sin 4% =g

p TR
o Pyp = 113433 ulf [Temnivs)

o =0

'
Pep - fap Wb 45: =0

: fap = wd) (E,,,,.,Wm]

»
Wi

’ -
~ Jn Comaluke

BE TR e

{
r'f*" e J\am o Ih n\un'huo\ [55 MJ
¥
pbgum 40 v .'Amm AaML c[; |
cY o t‘? 3 :
, ond ‘J““"ﬁ‘\ Mo duliyg ﬂt o all mpmbon |
e ateh 2Ry
"
1) A pawcliar o o
N
ity 2P et W
tk«m‘l .mb.kxmmoz i
am
cdoy CF
1 e c:“‘ MO AN | D
R . Py 8 )
1 ”W ¥ m 3 Im ({‘ m i
f oaos - o
3 = N SQ“ 1) Cc
fuachiod -
-~ ™
&y =
- # 0
N —bVP s %ok’d #

~Vo X4 (1x3) 4 (ax3) =0

Wp¥Te432900 !

! [ = 4]

VA +413% 80 = Vi = %0 -4 773
Va :36-63!!4!
h‘*
gy :0 Ul
~Va+t qu‘."ﬂ *T =0

=366 cPpgin et

t
vl Tag = 3644 ¥ e

l"_? , :.”:@7 (WM)

[




) - ———————————ve——
!4' o Pl
r ' . . i per oo

. Par = Vap e 45 -0
iy o Fap ~Yap oot 45 _ - Fey 4 Pep 475, (par

. d y it

| «® A4 Fap - 3184 ¢4y <0 fet

~ 9663 4 Peph 6129 g1 <0

[éu :_it;(-il.k;’ ey RO . ' 54
4 ) AL e e P
‘ . 3 [Pcp « + 135w (Town)
)
'j’n'-nl-_[_' . s
v - Ve ' h’r.)’
F =0 ' .
far % S B 2
e, .i" o b va+Vpd | sinas -1 sin 45 = a
b e Ree b “TaeHlepto -
N ! . -0
~8t-ﬂ-ll‘¢p <0 W=
. ; »
_ v Per 8649 : 3 :
I ? Le: e ) (i) a4 =0

. . ’
P L el iy

: ) . : ‘MA =0
.ge- P‘B‘lhq.{ - Pae sin "0 0 §

A 0 . , 3 ‘)’0
! o -y 4 fn gt xe] ~(isin 47 1) = Croasqi¥ee
B0 - 156 34’ < pye sinad voxd +{ ! .

Pae =624 kn (,,,".1“','“

gH0 '

) it - rbc" P‘&M"T' - PB“ oY 4-‘: e

l L”E_= 4 ‘@ (tovopawaien) |

FE &)

Hy 0

n oAt o P 4 t '

" :.m‘ = a’VeO
i . '’
} e dvesy yiM Fpe -3 snat’ =e |
— 4fee = Poptwas =b 2%
S fep e ‘ kg 0303 tnl r )
fct '\ e wBlizaginay 2 &1 : : L LCompromeos
= 1 m, k“
| : ‘ L
' AN e s

- kpp 44’0

l Kre = o.mawl('u-\pwm]

’
Foe = Fertnay’ - 4

4 %ol g nag

R (TR




FIXED BEAMS



FIXED BEAMS

e A beam whose both ends are fixed is known as a
fixed beam. Fixed beam is also called as built-in or
encaster beam.

® Incase of fixed beam both its ends are rigidly fixed
and the slope and deflection at the fixed ends are

Z€ro M
N

fixed fixed
support support

load
N
M

deflected beam



Advantages of fixed beams

(i) For the same loading, the maximum deflection of
a fixed beam is less than that of a simply supported
beam.

(i) For the same loading, the fixed beam is
subjected to lesser maximum bending moment.

(i) The slope at both ends of a fixed beam is zero.
(iv) The beam is more stable and stronger.



Disadvantages of a fixed beam

(i) Large stresses are set up by temperature
changes.

(ii) Special care has to be taken in aligning supports
accurately at the same level.

(iii) Large stresses are set if a little sinking of one
support takes place.

(iv) Frequent fluctuations in loading render the
degree of fixity at the ends very uncertain



The beam may be analyzed in the following stages.
(i) Let us first consider the beam as Simply supported.

Let v, and v, be the vertical reactions at the supports A and B.
Figure (ib) shows the bending moment diagram for this condition.
At any section the bending moment M, is a sagging moment.

L0
TVa vbT

(ia) Freel{/ supported condition

(ib) Free B.M.D.



* (ii) Now let us consider the effect of end couples M, and M,
alone.

Let v be the reaction at each

end due to this condition. Ma M
Vv V
suppose Mg > My. (ifa) Effect of end couples
Then V = =E—=4 M,
If Mg > My the reaction Vis § <I

upwards at B and downwards at A.  (iib) Fixed B.M.D.
Fig (iib). Shows the bending moment
diagram for this condition.

At any section the bending moment M., is hogging moment.

Edlit with WPS Office



* Now the final bending moment n i
diagram can be drawn by ! :
combining the above two B.M.

M, M

diagrams as shown in Fig. (iiib)

Now the final reaction V, =v,-v

and Vg =v, +Vv
The actual bending momentatany  (jiib) Resultant B.M.D.

section X, distance x from the end A is given by,
d*y ,
El W — Mx == Mx

Edlit with WPS Office



v, v,

(ia) Freely supported condition

R

(ib) Free B.M.D.

4 (||a) Effect of end couples
W,
My M |
Vy (iiia) Fixed beam Vs (iiib) Resultant B.M.D.

Edlit with WPS Office



d2.
El _y =M, —M,'
. Integré\%lng, we get,

L,
+ Bl O—fodex—fOdex

d
* But at x=0, —y=0

x

andatx—ldx 0

Further fo' M,.dx = area of the Free BMD = a
1

fM,{,dx = area of the fixed B.M.D = a’

Substituting in the above equation, we get,
O=a—a



ga=ua
. Area of the free B.M.D. = Area of the fixed B.M.D.
Again consider the relation,

e 9y
dx?
Multymg by x we get,
d?y ,
Elx TaE M,x — M,x

* Integrating we get,

°fE1xd fodx—fodx

DCZ
: l — L B

s El [xa—y] 0 ax-a' x
* Where x= distance of the centroid of the free B.M.D. from A.
and xX'= distance of the centroid of the fixed B.M.D. from A.
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* Further at x=0, y=0 and % =]

* and at x=l, y=0 and - 0.
dx

» Substituting in the above relation, we have

0= ax-a'x
ax=a'x"
or r=x

. The distance of the centroid of the free B.M.D . From A= The
distance of the centroid of the fixed B.M.D. from A.

sa=a
E=X

Echit with WEs Qincee



Find the fixed end moments of a fixed beam subjected to a
point load at the center.

>
Sl
B
777
W

W
e A=A l
1 Wi A -j B
MXl==—xXIlX— _ /2 . /2 ;
2 4 Wi
Wi

M — 8 — J‘L’f‘q — "!‘145 +

Free BMD
M - M

Fixed BMD

wi

Edir witl wes o Resultant BMD



= Find the fixed end moments of a fixed beam subjected to a
eccentric point load.

~ 4

l—2
|
W

3 B b

;L W
- A=A | a :t b
A a E B
M, + Mg 1 Wab 7 f
Xl=—=—xI[X Wab
2 2 [ l
Wab N
My + Mg = [ ————(1)
. Jf’ — x M, Free BMD
Mpg
My + 2Mp i _l+a Fixed BMD




w
My+ My =———==~(1) A

a

b
By substituting (2) in (1),

MB = MA X (2) Wab?

Wab?' Resultant BMD
MA —_ 12
From (2),
Wha?
MB —

[2
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Fixed beam with ends at different levels (Effect of
sinking of supports),,

M, is negative (hogging) and My is positive (sagging). Numerically
M, and My are equal.

Let V be the reaction at each support.

Edlit with WPS Office



Consider any section distance x from the end A.

Since the rate of loading is zero, we have, with the usual notations
d*y
El—=1
dx?
Integrating, we get,
_ &y
Shear force = El-dx—3 = (y
Where Cyis a constant
Aty =0, S.F.=+Y

Sy =

Edit with WPS Office



B.M. at any section = EIZ
Atx =0, B.M.=—-M,

x2

Integrating again,

El% = %xz — Myx + C5 (Slope equation)

Butatx = 0, -’—=O "0y =0

Avy _
Edit writh WPS Office



Integrating again,
Va3 MA.X'Z

Ely = e +Cy - (Deflection equation)
Butatx =0,y =0
oo C4 = )
Atx =1, y=-6
ol VIE  Myl? _
2 > (1)
But we also know that at B, x = [ and % =1}
And substitute in slope Eq. El% = %xz — Myx
Vi?
2M
V= TA ——————— —(ii)
o g ; - VI Myl?
Substituting in deflection Eq.(i) i.e., —EI 6 = T, .we have,
2M, 1P Myl?
—El§=—Ax———1~

Or. PVer Sk, 3 :_,—..4“-,{ A590 rmié rofessor, 2



M, 12

EL& =
6

. 6EIS

"My =—p5

Hence the law for the bending moment at any section distant x
from A is given by,

d?y
g 2Ma 6EIS
pa TR
But for B.M. at B, putx = |,
2My 6EI6 12E16 6EI6 G6EIS
“ Mp = Xl - =3 =5
[ [ [ [ [
Hence when the ends of a fixed beam are at different levels,
. 6EIS ,
The fixing moment at each end = T numerically.

At the higher end this moment is a hogging moment and at the
lower end this moment isfggisagging. moment.



by bk
W
(N D
Pl—k L WP
2 2
Pab? P Peb
g
2as+b)|<—a-+—b—>{ Paza+3b)
e
Q&If;_z& = b —— .QMQQ
~ 6EIA
(1 §411);¥A
L

qL’ qL?

12 1§ ‘ ’ ' 12
()
g.e L r,qL

Squ 1§(ﬂ’ﬂ?‘1‘h\.§\f S Lz
qLL
q
quq N\ Q_l_af
NA 70
L 74l
20 20
R n-d-ug-d-. q R
1 2 2 2
qd q& i f/ %' qd
2 AN \V'¥Z
(b + (a = 26)d | o—a—rte— b— [ + (b= 20)d" ]
12 qd I

Ry= [ (2a+ L) + (&2 b)dZ]

R, = %{(um,)ak(a-;-&)dz]

it with WFEs Office



* Solution:

A 4m | 8 m
* The M (Free B.M.) and M’ (Fixed h_>t
B.M.) diagrams have been shown . 6m 6m B %

in Fig.(b) and (c) respectively. | | 80 gkN ( )

? ; : a'

For the M-Diagram: . ‘
1 : : |
A==x6x160=480kNm ; Free B.M.D. (b)
2 M, i . |

B

For the M’ diagram: T :
| MA n MB : Fixed B.lEVI.D (c)
A'=—= x 12 = 6(My + Mp) ‘_ <N |
: 5 (d)

E Eslit with WPS Oiffice



* Area of the fixed B.M. D. = Area of the free B.M.D.

A=A
6(My + Mg) = 480
PR R NP Se— (1)

The distance of the centroid of the free B.M. D. from A = The
distance of the centroid of the fixed B.M.D. from A.

B =
6+4 [(My+2M;\ 12
| PR X —
3 Ms+ M |3

(My + 2Mg)12=(M, + Mg)10

12M, + 24 Mgy — 10 My — 10Mg = 0
QM + 14 Mg = 0

My =—TMg —————(88 sowrsone



* Substitute My = —7Mp in equation (1)

-7TMg + Mg = 80 120 kN
Mg = = —13.33 _4m % 8 m ;
Mp = —13.33 kNm ﬁA T B t
My = —7Mjg . 6m L 6m
= —7(-13.33) = 93.33 BOEN
s~ My =93.33 kNm 160
93.33 :\

Eclit writh WPS Office



* A fixed beam of span 5 metres carries a concentrated load of 20 t
at 3 meters from the left end. If the right end sinks by 1 c¢m, find
the fixing moments at the supports. For the beam section take
I=30,000 cm?*and E=2x10°> t/cm?<. Find also the reaction at the
supports.

g sm | am gy

= A fixed beam of span 5 metres carries a concentrated load of 20 t
at 3 meters from the left end.

20 t

Aa__?»m\l 2 m

1cm

J7 7T

= The right end sinks by 1 cm, find the fixing moments at the

supports.
Echr with W S Ot



Wab®  6EIS [ A 3m 2m b
My = - 2 2 MA(, 'B 7
N cm
_ [20x3x22 6x2x103><30,000><1] &)
B 52 521002 L }
= —[9.6 + 0.48] tm=-10.08 tm (hogging) M,
Wba® | 6EIS
MB — 12 + lz

I 20X2X3% . 6X2X10°x30,000X1
. 52 52%1002
—14.4 + 0.48] tm=-13.92 tm (hogging)

tm

Echit with WEs Qincee



A 3m
10.08

Reaction at A: A

Z MB=O
V, x5+ 1392 - 10.08 = (20 x 2) = 0
2V, = 7232t

Reaction at B:

Vg =20-7232 = 12768t

201

2 m

113,92



Continuous Beams



Introduction:

dBeams are made continuous over the supports to increase
structural integrity.

JA continuous beam provides an alternate load path in the
case of failure at a section.

dIn regions with high seismic risk, continuous beams and
frames are preferred in buildings and bridges.

JA continuous beam is a statically indeterminate structure.



The advantages of a continuous beam as compared to a
simply supported beam are as follows

1) For the same span and section, vertical load capacity is
more.

2) Mid span deflection is less.

3) The depth at a section can be less than a simply supported
beam for the same span. Else, for the same depth the span can
be more than a simply supported beam.

si<The continuous beam is economical in material.
4) There is redundancy in load path.

*{_’ossibility of formation of hinges in case of an extreme
event.

5) Requires less number of anchorages of tendons.

6) For bridges, the number of deck joints and bearings are
reduced.

k< Reduced maintenance



There are of course several disadvantages of a continuous beam
as compared to a simply supported beam.

1) Difficult analysis and design procedures.

2) Difficulties in construction, especially for precast
members.

3) Increased frictional loss due to changes of curvature in
the tendon profile.

4) Increased shortening of beam, leading to lateral force
on the supporting columns.

5) Secondary stresses develop due to time dependent
effects like creep and shrinkage, settlement of support and
variation of temperature.

6) The concurrence of maximum moment and shear
near the supports needs proper detailing of reinforcement.

7) Reversal of moments due to seismic force requires
proper analysis and design.....~ o



Clapeyron’s theorem of three moments

|A B Mp Cipr
M, o "‘”"V) M¢
! L, T L )%

* Asshown in above Figure, AB and BC are any two successive
spans of a continuous beam subjected to an external loading.

* |f the extreme ends A and C fixed supports, the support

moments My, Mgand M, at the supports A, B and C are given
by the relation,

ba;x; 6a,x-
Myly + 2Mp(ly + 12) + Mc(l2) = Il -+ ]— -
1 2
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ML, + 2Mg(l, +

Where,

l) + Mc(1;)

6a, Xy
e
4

6a,x,
>

a, = area of the free B.M. diagram for the span AB.

(, = area of the free B.M. diagram for the span BC.

Edlit with

WES Office

X,= Centroidal distance of free B.M.D on BC from C.

X;= Centroidal distance of free B.M.D on AB from A.



}
S\~
0

M N+ N w




A B C

E (a)The given beam

dx  Mx
/ - /f‘\
- ‘ (b) Free B.M.D.
<< )IL—) € v2 >
Free B.M.D
dx My’ Mg
MA *f-—\—f)_} M :
. - ¢ (c) Fixed B.M.D.
Fixed B.M.D

Edlit with WPS Office



Consider the span AB:

Let at any section in AB distant x from A the free and fixed
bending moments be M, and M,.’ respectively.

Hence the net bending moment at the section is given by
d*y

El
dx?

= Mx_Mx,

Multiplying by x, we get
dy ,
Elx Tei M,x —M, x




_dty | !
¢ Elxm— M. x—M, x

* Integrating from x = 0 to x = [;, we get,

d”y ,
Elfx =foxdx—foxdx
dx?
0 0 0
. =1 Ly ly
dy " ,
El X ~Y| = foxdx—foxdx ——= —(1)

-0 0 0

Edlit with WPS Office



A B C

/‘WMHW\'NVE
PP

S EEEE——— - - >

But it may be such that
Atx = 0, deflectiony =0

Atx =1,y =0; and slope at B forAB,Z—i— = gy

fol " M,.x dx = a;X; = Moment of the free B.M.D. on AB about A .

fol "M, xdx = a; X; = Moment of the fixed B. M. D. on AB about A.

Edlit with WPS Office



e a1, l4 l4
BT || = foxdx—fo'xdx - —(1)
0 0 0

- dx

* Therefore the equation (1) is simplified as,
El[l,054 — 0] =a;X; —a;X; .

But a; = area of the fixed B.M.D. on AB = ST I

(Mag+2MpB) 14
Ma+Mp 3

X; = Centroid of the fixed B.M.D. from A =

Edlit with WPS Office



* Therefore,

— IIX( )

2
1
= (M4 + 2Mp) —
My+ Mg/ 3 (M, 8)%

2
El IIHBA — alx_l = (MA + ZMB)'I—I

6a1x1

6El Og, =

— (Mg +2Mp)l; ————-(2)

Similarly by considering the span BC and taking C as origin it can
be shown that,

6EI 65, =

(M2, = —(3)
2

6sc = slope for span CB at B

Echt wath W Fs Oifice



EI Op, + 6EI Op( =

6EI(Ops + Opc) =

But @g4 = — O as the direction of x from A for the span
AB, and from C for the span CB are in opposite direction.

And hence, g4 + Oz, = 0

6a1x;

6E1 98A= I, == (MA+2MB)11 ————(2)
6El Opc = 22— (M +2Mp)l, ————(3)
2

Adding equations (2) and (3), we get

6a1x; 6azx3
+

— (MA +2Mpg)ly — (M + 2Mpg)l>

[y Iz
6a1x_1 + 6a2x_2

I I _[MA11+2MB(11+12)+MC12]
1 2

6a155{ 6(12.7';
D= I s i —I_MAl1+2MB(ll+lz)+Mclz]
1 2

6a4Xx4 6a-x->
11+ 2X2

[(Mqly +2Mpg(ly + 1) + Mcly| =
Ly I

Eelit wath W FA Oiffice



Problem 15.3. A fixed beam AB of length 6 m carries pownt louds of 160 kN and 120 N
at @ distance of 2 m and 4 m from the left end A. Find the fixed end moments and the reactions

at the supporis. Draw B.M. and S.F. diagrams.
Sol. Given :
Length =Bm
Load at C, W, = 160 kN
Load at D, W, = 120 kKN
Distance AC=2m
Distance AD=4m

For the sake of convenience, let us first calculate the fixed end moments due to loads
(! and I and then add up the moments. nts due tol o

{i) Fixed end moments due to load at .
Fortheloadat C.e=2mandb=4m

Wo.a.b®
Ma= =
160 x 2 x 42
= ———g = 142.22 kNm
6
W..e® b 160x2° x4 _
Mg =—S5— = ’:52 X2 7111 kNm

(i) Fixed end moments due to load at D,
Similarly for the load at D, a=4mand 6 =2 m

) W, .a.b®
MM:FLEE_
120 x 4 = 2°
=——’;g—x—=53.33k1~1m
W,.al b  160x4% %2
and Mg, = ~L5= = ’;2 "~ = 106.66 kNm

Total fixing moment at A,
My=M, + M, = 142,22 + 53.33
= 195.55 kNm. Ans.
and total fixing moment at s,
Mg=Mp +M82= 71.11 + 106.66

= 177.77 kNm. Ans.
B.M. diagram due to vertical loads
Consider the beam AB as simply supported. Let B, * and R are the reactions at A and
B due to simply supported beam. Taking moments about A, we get
R, x6=160x%x2 + 120 x 4
= 320 + 480 = 800
R,*= 00 = 133.33 kN

6
R,* = Total load — Rp* = (160 + 120) - 133.33

= 146.67 kN

BM atA=0
BM.atC=R,*x2=146.67x2 = 293.34 kNm

BM.atD=Ry*x2=13333x2= 266.66 kNm
BM.atB=0.

and

- - - Lot - Mo



S.F. Diagram
Let R, = Resultant reaction at A due to fixed end moments and vertical loads
R = Resultant reaction at B.
Equatmg the clockwise moments and anti-clockwise moments about A, we get
Ryx6+M,= 160 x 2 + 120 x 4 + M,
Ry x 6 + 195.55 =320 + 480 + 177.77

R, = 800+ 1707719555 _ 10057k

R = Total load — K,
= (160 + 120) - 130 37 = 149.63 kN
SF.at A= R =149.63 kN
SF.atC= 149.63 - 160 == 10.37 kN
S.F.at D =— 10.37~ 120 = — 130.37 kN
S.F at B=- 13037 kN

160 kN 120 kN
,\ 1 | 4>
|
{a) M, 2m + 1 M
4m U
Ry e - B m- M Ry
E

4
LAL b r S L r iy ey

{b:l T Frrrarrrnne i
185,55

l

T Fade Ay il

T, T e, Ty

293.34 £66.66

i

S AN
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h— .y 0-——-4
- i
4
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O
m

146,62 +
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Problem 15.6. Find the fixing moments and suppori reactions of a fixed beam AB of
length 6 m, carrying a uniformly distributed load of 4 kN /m over the left half of the span.

Macaulay's method can be used and directly the fixing moments and end reactions can

be caleulated. This method is used where the areas of B.M. diagrams cannot be determined
conveniently.

M 4 KN/m M E
2 B B
Ard = / < , il )

R e i

3am —v| & kN
X >
em
a, A
Fig. 15.12

For this methed it is necessary that u.d.L. should be extended upto B and then compen-
sated for upward u.d.l. for length BC as shown in Fig. 15.12.

The B.M. at any section at a distance x from A is given by
d%y

E[—dF=RA.x—MA—wxxx fz- e wx{x—-3)x (x;3)
4xx®°  Hx-3)°
=R, x-M,~ o - >
=Rd.x-—Ma-2x2§+2(x—3}2 - {A)
Integrating, we get
d o, 3 2 e 3 -
El-d—i =RA.%-BfA.x- zx +Cl 4_%;\'?3)_ ...(L)
whenx =90, _9_!2'_ =0,
Substituting this value in the above equation upto dotted line, we get
cC,=0.
Therefore equation {i; becomes as
dy x> 222 ¢ 2x-—3)° B
EI&";=RA.-§'- .A.x— 3 . * 5 ...(u)
Integrating again, we get
R, 2 M,x* 2x} : 2 (x-3)
s it S e DA S Gt e A e S
=g - B at )
whenx=0, y=0.
Substituting this value upto dotted line, we get
Therefore equation (iii) becomes as
R,.x* M,x? 1 1 "
Ely=—4& S =t gt —{x-3)? Liv)
¥ G S =% e {x~-3) (

whenx =6, y=0.

Substituting this value in equation (iv) [Here complete equation is taken), we get
F,=6" M,x6° 1 1
0= A _ A T 4 L _
= 36R, — 18M, — 216 + 13.5
202,50 = SERA - 13.!&"1

p T
Atx=6m, =L =0
e




Substitufing these values in the complete equation (ii), we get
2
0=R,x %—-MAxS—nga r3 630
= 18R, — M, x 6 144 + 18
126 = 18R, — 6M, - ATT)
Substracting equation (v) from equation (¢f), we get
126 - 101.25 = 9M, — 6M,

or 24.75 = 3M,
MA = 24{;75 = 8.25 kNm. Ans.

Substituting this value in equation (vi), we get
126 = IBR, - 6 x 8.25 ~

R, = 222 *;’8" 820 LommEN. Aus
Now Ry = Total load - R,

=4%x3-875=2.25KkN. Ans.

To find the value of M, we must equate the clockwise moments and anti-clockwise
moments about B. Hence

Clockwise moments about B = Anti-clockwise moments about B.

Mp+ B, x6=M,+4x3x(45)

or My+975x6=28.25+ 54 (v R,=975and M, = 825)
or M, + 58.50 =62.25

: My, = 62.25 - 658.50 = 3.75 kNm. Ans.



Problem 15.7. A fixed beam of length 20 m, carries a uniformly disiributed load of
8 kN/m on the left hand half together with a 120 BN load at 15 m from the left hand end.
Find the end reactions and fixing morments and magnitude and the position of the maximum
deflection. Take E = 2 x 10% ANim?® and I =4 x 10° mm?,

Sol. Given
Length, L=20m
u.dl., w =8 kIN/m
Point load, W = 120 kN
Value of E = 2 » 10% kiN/m?2
Value of =410 mm* =4 10~* m*
Lengths, AC=10m, AD=15m
Fig. 15.13 shows the loading on the fixed beam.
120 kN
o "% €)
G D Jul
% ]
. I
. 1557 —— b Sm
R B )
Fig. 15.13

Let R, and B, = End reactions at Aand B

M, and My = Fixing moments at A and B
Let us apply Macaulay’s method for this case. Hence it is necessary that the_wd._l. should
be extended upto B and then compensated for upward u.d.1. for length BC as shownin Fig. 15.14.

The B.M. at any section at a distance x from A is given by,

C; a
EId—g =R, x—-M,—w xxx(%) - 12Kx - l5)§+w

e
x(x-lO)X(x_lo)

2

2 : © Bx(x—-10)°
o : X 2
=RA_xx-MA—8><*2—-: ~120(x-15):;+ o

=R x~ M, — 4x% . 120{x - 15) | + 4(x — 10

Integrating the above equation, we get
d %2 29 C o 120(x - 15)% ¢
Er 2 . Ry T —Max—4.7p+Cim——F——
3
o Ax— 101 ‘310} <

when x = 0, gy = (), Substituting this value in the above squation upto first dotted line, we get

C, = 0. Therefore, eguation (i) becomes as

120 ki
M, 8 kN M

B
A e D o
4:'/ AT LTI gy Pt S O il S o et 2o tf:#_\;@j‘)

10m o] 8 kN/m J
i5m »

& x >
Ry 20m Ry

Fig:. 15.14

dy Ry . 45 . 4 %
El &I. néi_x*_ M,.x --3-x~’ - 60(x — 15)* g - 107 -{Zz)



Integrating again. we get
3 2 4 > & 3 s 4
Ry = Ry.x® My.x* 4x 60{x — 15) e 4 (x - 10)
G 2 3x4 T3 3 -+
when x =0, y = 0. Substituting this value in the above equation upto first dotted line, we get
C, = 0. Therefore equation (iii) becomes asg

-EEL)

+Cz§-

8 2 4 : : i
Ely = RAG'x < ng — 55— - 20{x — 15y “+ § (x-- 10)* {iv)

when x = 20, y = 0. Substituting these values in complete eguation (i), we get

3 4 +
0=RAx20 _Mszo _20 _20(20_15)3_._%(20_10)4

5 2 3
_ 20 My, 20° 125 1 _10* W 3
e R, 2 — -9-3x400 (Dividing by 20%)
_ 20, M, 400 125 25
g 3 25 g
20R, —3M , — 800 - 375 + 50
&
or 20R, ~ 3M, = 800 + 37.5 - 50 = 787.5 )
At x = 20, % = 0. Substituting these values in complete equation (if), we get
= —Rg—" x 202 — M, x 20— g— x 20% - 60(20 - 15 + % (20 — 10§%
20 M, 20° 125 1 _ 10* s 9
-GRA S et (Dividing by 20%)
_ 20, M, 400 125 26
TR g g g g
_ 20R, -3M, — 800 -375+50
- 6
or 20R, - 3M, =800 + 37.5 - 50 = 787.5 (v
At x = 20, gxz = 0. Substituting these values in complete equation (i), we get
= %8 4207 M, x 20— S %201 - 6020 - 15+ 2 (20— 107
= 10R, - M, — %‘3 =326 § % % l—ggq (Dividing by 20)
= 10R, - M, - %-75“%39
1600 200 1400
or IORA~15{A=T+75——-§—- = + 75
or 10R, — M, = 541.66
or 20R, - 2M, = 1083.32 QMultiplying by 2 both sides) ...(zi)

Substracting equation () from equation (i), we get
A, = 1083.32 - 787.50 = 205.82 kNm. Ans.
: Suhstituting this values of M, in equation (vi), we get
20R, — 2 = 205.82 = 1083.32
_ 1083.32+ 2 % 295.82

fig= 20
= 83748 kN. Anc.
Now R, = Total load on beam - R,

= (10 x 8 + 120) - 83.748 = 116.252 kN. Ans.
Equating the clockwise moment and anti-clockwise moment about B, we get
Mp+ Ry x20=M, +120x5+8x10 % 15
or M, + 83748 x 20 = 295.82 + 600 + 1200
or My = 209582 - 83.748 = 20 = 420.86 kNm. Ans.



Prablem 15.8.s A fixed beam AB of length 3 m is having moment of inertia
I'=3 x 10° mm?*. The support B sinks down by 3 mm. If E = 2 x 10° Nimm?, find the

fixing moments.

Sol. Given :

Length, L =3m=3000mm

Value of [=3x 10° mm?*

Value of E =2 x10° N/mm?

The amount by which the support B sinks down,
& = 3 mm,

The fixing moments at the ends is given by,

M=M= 25
_6x2x10°x3x10°x3

3000*
=12 x10° Nmm = 12 x 10° Nm = 12 kNm. Ans.

The fixing moment at A will be a hogging moment whereas at B it will be a sagging
moment.




ExampLE 24.5. A fixed beam AB of span 6 m is carrving a uniformly distributed load of
4kN/m over the left half of the span. Find the fixing moments and support reactions.

Soirution. Given: Span (/)= 6 m ;: Uniformly distributed load (w) =4 kN/m and loaded portion
({)=3m.
Fixing moments

Let M, = Fixing moment at A and,

M, = Fixing moment at B.
First of all, consider the beam AB on a simply supported. Taking moments about A,
Rpx6 = 4x3x15=18

18
Ry = & =3KN
and R, = 3x4 —3=9kN

(a)

Fig. 24.6

We know that p-diagram will be parabolic from A to C and triangular from C to B as shown in
ig. 24.6 (b). The bending moment at C (treating the beam as a simply supported),

M. = Ryx3=3%x3=9KkN-m
The bending moment at any section X in AC, at a distance x from A (treating the beam as a simply
ipported).

M, = 9x—4x~%=9x—2x?‘
. Area p-diagram from A to B.
3
a = J'(9_r—2x2)dx+%x90x3

9% (3> _2x3)°

= > 3 +13.5=36
nd area of p’-diagram, a = (M,+ Mpy) x —3 =3 (M, + Mp)
We know that a = —a
3(M, +My) = —36
36

——=—12

or M, + M, =



Moment of p-diagram area about A (by splitting up the diagram into AC and CB),

3
23 = J‘(9xz— 2x3)dx+%x9x3x4
0

T 3 4 3
Ny = Ox 2x
—_ 54
ax 3 :I +

§ 3 4
- 9";3) —2":3) ]+54 -945

and moment of ¥ -diagram area about A (by splitting up the trapezium into two triangles) as shown in
Fig. 24.6 (a),

B il 2%X6
ax = (MAxgxg)-e-MBxgx 2
= 6M, + 12M, = 6(M, + 2M )
We know that dx =—ax
6(M, +2Mp,) = —945
94.5
MA+2MB = -T =—15.75 ...(ii)

Solving equations (i) and (if),
M, = —8.25KkN-m Ans.
M, = =3.75KkN-m Ans.
Now complete the bending moment diagram as shown in Fig. 24.6 (b).
Support reactions
Let R, = Reaction at A, and
R, = Reaction at B.

Equating the clockwise moments and anticlockwise moments about A,

Ryx6+825 = (4x3%15)+3.75=2175
21.75-825
Ry = ——¢—— =225KN  Ans.
and R, =4x3-225=975kN  Ans.

ExampLE 24.6. A beam AB of uniform section and 6 m span is built-in at the ends. A uni-
Sormly distributed load of 3 kKN/m runs over the left half of the span and there is in addition a
concentrated load of 4 kN at right quarter as shown in Fig. 24.7.

4KN

2‘ Im =] |e—l.5m—.$
Z S
1 I~

Y
o
=

Fig. 24.7

Determine the fixing moments at the ends, and the reactions. Sketch neatly the bending mo-
ment and shearing force diagram marking thereon salient values.

SowuTion: Given: Span (/) = 6 m : Uniformly distributed load on AC (w) = 3 kN/m ; Loaded
portion (/) = 3 m and concentrated load at D (W) =4 kN.

Fixing moments at the ends
Let M, = Fixing moment at A and



First of all, consider the beam AB as a simply supported. Taking moments about A,
Rpx6 = (3x3x15)+(@4x45)=3L5
31.5

R, = T=5.25kN

and R, = 3x3+4)-525=T775kN

We know that the p-diagram will be parabolic from A to C, trapezoidal from C to D and triangu-
lar from D to B as shown in Fig. 24.8(b). The bending moment at D (treating the beam at a simply
supported),

M, = 5.25x1.5=7.875 kN-m

and M. = 525%x3-4x15=9.75kN-m

The bending moment at any section X in AC, at a distance x from A (treating the beam as a simply
supported),

My = 175x-3x 5 =7.75— 1.5¢

Area of p-diagram from A to B,
i

B = I(7.75x _1.5%) de+ (% (9.75 + 7.875) x 1.5)
0

+(%x7.875x 1.5)

' 3
7.75x> 1.5¢°
L 5 Y +19.125

_ 1153’ 15x @y +19.125 =405

2 8

(a)

(®)

1.07 = slo7




and area of p-diagram, a = (M, +M3)xg =3 (M, +Mp)

We know that ad =-a
3(M,+My) = -405 (2 a=405)
or M, +M, = —135 Af)

Moment of p-diagram area about A (by splitting up the diagram into AC, CD and DB),
3
ax = j(7.75x2' —1.5x%) dx+(% %9.75%1.5% 3.5)
0

+(lx7.875x 1.5x.4)+(lx 7.875 % l.SxS)

2 2

'—775x3 i
3 - % ]+78.75

0

= 7.75x(3)3-1'5x(3)4]+78 75 =118.1

3 -+
and moment of p’-diagram area about A (by splitting up the trapezium into two triangles),
v Y (
ax = \MA xgxg)+(M3 x%xz);—G)

= 6M,+ 12M, =6 (M, + 2M,)
We know that ‘a'i' = —ax
6(MA+2MB) = —118.1

1181

or M,+2M,; = 3

=-19.7 -..(il)

Solving equations (i) and (ii), we get
M, = —7.3kN-m and M, =—-6.2KkN-m
Now complete the bending moment diagram as shown in Fig. 24.8 (b).
Shearing force diagram
Let R, = Reaction at A and
R, = Reaction at B.
Equating the clockwise moments and anticlockwise moments about A.
Rpx6+73 = (3x3%X15)+(@x45)+62=377

e 37.76- i
and R, = 3%X3+4)-507=793kN

Now complete the shear force diagram as shown in Fig. 24.8 (c).



24.8. Fixing Moments of a Fixed Beam Carrying a Gradually
Varying Load from Zero at One End to w per unit length at
the Other

Consider a beam AB fixed at A and B and carrying a gradually varying load from zero at A tow
per unit length at B as shown in Fig. 24.9 (a).

Let l
M,y

Span of the beam,
Fixing moment at A and
M, = Fixing moment at B.
First of all, consider the beam AB as a simply supported and taking moments about A,

[ 2 wl”

Rkl S Wigrg =35
wl
Ry = 3

wl _wil _wl
- e Gl S
We know that the py-diagram will be parabolic from A to B. The bending moment at any section

X, at a distance x from A (treating the beam as a simply supported),

wl WX _x_x wix wx
Mp= g ™5 Pa%¥s=¢ &
o 1 ;
Area of p-diagram, a = %—%} dx




and area of p’-diagram, a é (M, +Mp)

We know that a =-a
N wi®
E(MA“‘MB) — -24
i p
Moment of p-diagram area about A,
K 2 4
: == wix™  wx
= T'T}d"

& )
w 2 X
YRR
0
wl| i’ xsl
6|3 &
0

_w(l ) _wt
=%l 5" =5

and moment of p"-diagram about A (by splitting up the trapezium into two triangles),

ax = MAx-é—x%+MBxix—
.12
= -E(MA'l'ZMB)
We know that .a'i' = .—"ai
P wi?
—M,+2M,) = — >
6( A T M) 45

or My +2M, = _2;951
Solving equations (¢) and (i),
w® _ Wl
My =307
wi? Wi
ud o= ~%""10

Z 3

=

Nli N|§__

=

i)
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UNIT-IV
SLOPE DEFLECTION METHOD

Continuous beams and rigid frames (with and without sway) — Symmetry and

antisymmetry — Simplification for hinged end — Support displacements

&
<

v

Introduction:

+

+
+
+

+

+

This method was first proposed by Prof. George A. Maney in 1915.

It is ideally suited to the analysis of continuous beams and rigid jointed frames.

Basic unknowns like slopes and deflections of joints are found out.

Moments at the ends of a member is first written down in terms of unknown slopes and
deflections of end joints.

Considering the joint equilibrium conditions, a set of equations are formed and solutions
of these simultaneous equations gives unknown slopes and deflections.

Then end moments of individual members are determined.

It involves solutions of simultaneous equations; a problem with more than three
unknowns is considered a difficult problem for hand calculations. Hence this method was
sidelined by moment distribution method with the help of computers; solutions for any
number of simultaneous equations can be obtained early.

The development of this method in the matrix form is “Stiffness Matrix Method” (it is

commonly used for the analysis of large structures with the help of computers.

Assumptions made in slope-deflection method

+
+
+
+

+
+

All joints are rigid.

The rotations of joints are treated as unknowns.

Between each pair of the supports the beam section is constant.

The joint in structure may rotate or deflect as a whole, but the angles between the
members meeting at that joint remain the same.

Distortions due to axial deformations are neglected.

Shear deformations are neglected.

Sign Conventions:
Moments:

+

+ Anti-clockwise moments

Clockwise moments (+)ve

(_)ive



Rotations:
(+)ive

(_) ive

+ Clockwise rotations

4+ Anti-clockwise rotations

Settlements:

(+)ive
(_)ive

+ Right side support is below left side support

+ Left side support is below right side support
Applications of Slope Deflection Equations:

+ Rigid jointed structures can be analyzed.

+ Continuous Beams

+ Frames without side sway (Non-Sway)

+ Frames with side sway (Sway)

The beam shown in Fid. is to be analvzed by slope-deflection method. What are the unknowns

and. to determine them. what are the conditions used?
A B C
/. S/ g/_ / S/ g/_ /
Unknowns: ©a, Os, Oc
Equilibrium equations used: (i) MAB =0 (i) MBA+MBC =0 (i) MCB =0

Write down the slope deflection equation for a fixed end support.

A f ¥ }

The slope deflection equation forend A is Mag = M'sg +2El |265 + 65 + 3A
| I
Here 8,= 0. Since there is no support settlement, A = 0. ==
Mag = M'ap + 2EI |6 +ﬂ]

Write down the equilibrium equations for the frame shown in Fig. =

B
U'nknowns i Bg.. B¢
Equilibrium equations : At B, Mga+ Mge=10 h
AtC. Mg+ Mep=0 P—>
Shear equation : Mag+ Mga—Ph + M+ Mpe + P =0
| | A77

Limitations of slope deflection method
+ Itis not easy to account for varying member sections

+ It becomes very cumbersome when the unknown displacements are large in number.



Why slope-deflection method is called a ‘displacement method’?
+ Inslope-deflection method, displacements (like slopes and displacements) are treated as

unknowns and hence the method is a ,,displacement method™.
Dearees of freedom
+ Inastructure, the numbers of independent joint displacements that the structure can

undergoes are known as degrees of freedom.

Write the fixed end moments for a beam carrying a central clockwise moment.

Fixed end moments : M’ag= M'ga =£ Aﬁ L{';i\\}/l IQB
4 112 V2
Problems:
1. Analyse the continuous beam given in figure by slope deflection method and draw the
B.M.D&S.F.D. i — .o
NN, ol ! °

Step 1: Fixed end moments oo %5 ~ 2m 3m

Mag = “WL¥12 = -10x4412 = -13.33 KNM

MFBA = WL?/12 = 10%x42/12 = -13.33 KNM

Mg =  -Wab¥L?2 =  -6x2x3%52 =  -4.32KNM

MFCB = Wa?b/L? = 6x22x3/52 = 2.88 KNM

Step 2: Slope deflection equation

Mag = MFag+2EI/L (204+08)
Mag = -13.33+EI0a + 0.5EI08 oo 1
Mga = MF +2EI/L (20 +0 )

BA B A
Msa = 13.33+0.5EI0A + El 0B oo 2
Mgc = MFec+2EI/L (20+6¢)
Mgc = -4.32+08EI68 - 3
Mcg = 2.88+0.4El 68 e 4

Apply equilibrium conditions

Mag = 0
El 6a + 0.5EI 05 = 1333 - 5
Mga+ Mac = 0
13.33+0.5El 6A +EI 05 -4.32 +0.8El1 08 = 0
0.5El 04 +1.8El 08 = -9.01 6

Solve egn 5 & 6, we get



Elba = 18.39
Elfs = -10.11

This values sub inegn 1 to 4
Mag = 0 KNM
Mga = 12.67 KNM
Mgc = -12.67 KNM
Mcg = -1.16 KNM

Step 3: Find the Reactions

Span AB
Ra
Re1
Re2
Rc

2. Analvze the frame

16.83 KN
23.17 KN

6.312 KN
-0.312 KN

6 KN

A
I0KNM 5 + o
o 4m £ 2m 3m ?
72
20 4 12.6_‘_7 +
1683 COMBINED BMD
3

2317
SFD

iven in fiqure by slope deflection method and draw the B.M.D & S.F.D.

Step 1: fixed end moments

F
M'pc

-WL/8
WL/8
-WL%/12
WL?/12

-WL/8
WL/8

Step 2: Slope deflection equation

Mas=MFAB-+2EI/L(20A+6B)

Mag=-5 +0.5EI0B ------- 1

w

O NN

2m|

10 KN —— -

2m |

- 10x4/8
10x4/8

- 10x22%/12
10%x22/12
- 10x4/8
10x4/8

/lOICN/M

c
2m
2m
10 KN
2m
LD
-5 KNM
5 KNM
- 3.33 KNM
3.33 KNM
-5 KNM
5 KNM



Mga = M™_ +2ENL (20,+6 )
Mga = R 21 [T 2
Mgc = MFBC+2EI/L (26,+6)
Mgc = -3.33+2EI6s + Elfc 3
Mg = MF__+2EI/L (26 _+6.)
Mcg = 3.33+2EI0c +EI6s 4
Mcp = MF oo T2ENL (26 16)
Mcp = S o) (1o U 5
Mpc = MFD JH2ENL (2616
Mpc = 5+0.5EI0c - - - o o oo .. 6
Apply equilibrium conditions
Mgsa+Msc = 0
5+EI0g-3.33+2EIOg +EI6c = 0 - - 7
Mce+Mcp = 0
3.33+2EI0c +EIOg-5+El6c = 0 - mmm—--- 8
Solve eqgn 7 & 8 we get
Elfe =  -0835 » e =
Eloc = 0.835 - -
PRy ey —~—
Sub this values egn 1 to 6 — P
Mae =  -5.42 KNM al- . -
Mga = 4.17 KNM x> wr
Mgc = -4.17 KNM o -
Mcg = 4.17 KNM
Mcpp = -4.17 KNM E
Mpc = 5.42 KNM
Step 3: find reactions NE- -
Span AB: . COMBINED BEMD
Ra = 5.31 KN
Repr = 4.69 KN 2.
Span BC: ?
Rez = 10 KN /4 5%
Raa = 10 KN 7
.




Span CD:
Re2

Rp

4.69 KN
5.31 KN

3. Draw the SEFD&BMD for th continuous beam shown in fig. Take E=2x10°

N/mm?,1=3x108 mm* .The support B sinks by 30 mm. Using slope deflection method.

50 KN
4m 4> 2m 3m '

Step 1: fixed end moments

MFAB = -WL?%12 = - 10x4%/12 = -13.33 KNM

Ma =  WLY12 = 10x4%/12 = -13.33 KNM

Mgc =  -Wab¥L? =  -B0x2x3%5% = -36 KNM

MFfe =  Wah/L? = 50x22x3/52 = 24KNM
Step 2: Slope deflection equation

Mag = MFag + 2EI/L (20a+08) — 6EIA/I?

Mag = EIOB - 20 - - o o oo oo e 1

Mea = M.+ 2El/L (205+0a) — 6EIA/I

Mga = EI0 + 6.58 = === == == = e e 2

Mec =  Mc+2EI/L (208+6c) + 6EIAN°

Mgc = 0.8EI08 -31.68- = == == = = m = oo 3

Mcg = MFeg + 2EI/L (20C+0g) + 6EIA/I

Mcs = 28.32 + 0.4EI08 - - - - - - o 4
Applying equilibrium conditions

Msa + Msc = 0

Elfg + 6.58 + 0.8EI0g - 31.68 = 0

ElOs = 13.94
This values sub inegn 1to 4

Mag = -13.03 KNM

Mga = 20.52 KNM

Mgc = -20.52 KNM

Mcs = 33.89KNM



Step 3: Find the reactions

Span AB
Ra = 18.13 KN
Rer = 21.87 KN
Span BC
Rez = 27.33 KN
Rc = 22.67 KN
COMBINED BMD
27233

18.13

SFD

A

4) Analyze continuous beam ABCD by slope deflection method and then draw bendin

moment and SF diagram. Take El constant.

100 kKN 2OKN
20 Kkt [m
A 2 BWV&N\NV\C D
4 o .
" L i 2m ¥ Sm " / S'm*
Solution:
FEM F __ Wab® _ 100x4x2? _ . 4444 KNM
— AB Lz 62
Fom+ Wazb . 100x 1212 x2 _ +88.88 KNM
2 6
W2 205’
2 2 2
Fea=+ VX; =+ 01X25 = +41.67 KNM

Fcp=-20x1.5= -30 KNM



Slope deflection equations:

M =F 2EI(29 +e) ~44.44+  El0 S >(1)
B
|v| —F 2'15'(29 +0 )= +8889+§EI9 ------------
B
|v| =F +2é'(2e+e) —4167+§EI9 T R—
B C
M =F Z_IE'Q2_9+9) +4167+2EI9 +EEI9 — > (4)
CB CB L B 5 C 5 B
Mcp=-30 KNM
2 4 2
Now, M +M =88.89+ EIf -41.67+ EI0 + EI0
BA BC §__B 5 B g C
=47.22+22 EIO +2_EI9 =0 >(5)
15 85 ¢C
4 2
And, M +M =+41.67+ EI6 + EI® _30
CB CD g_ C 5 B
2 4
-1167+ " El6+ El6 >(6)
5 ®5 °©

Elos=-32.67 Rotation@ B anticlockwise
Eloc=+1.75 Rotation @ B clockwise

1
M, = 4444+ E(— 32.67) =-61.00 KkNM

2
M, = +88.89 + §(— 32.67)=+67.11 k\M

M =-41.67+ 4_(— 32.67)=+ 2_(1.75) =-67.11 KNM

BC

5 5
M =+41.67+ 4_(1.75)+ 2_(— 32.67)=+30.00 KNM
CB 5 5

Mcp=-30 KNM

100 kW / 220 KN
e 2O KN
=3 o - c l
rdr — o -
T A



Reactions: Consider free body diagram of beam AB, BC and CD as shown

100 kW QO KN
l — DOKN J
2 c
1 a1 ET-1 67 20 20
€226
7
-+ e 7l 15-26
&l00 ]
= | f— 30400
. |
! . . =2 2MD
13333 625 IN KAN-m
|
5742 Ko
3231 KN 2:/3m oy
| 2.0 kN
- SED
-+-
+
4258 xn
T 69 wN

Span AB
Rex6=100x4+67.11-61
Re=67.69 KN
Ra=100-Rs=32.31 KN
Span BC .
R x5=20x x5+30-67.11
c _
2
Rc=42.58 KN
Rg=20x5-Rg=57.42 KN
Maximum Bending Moments: _
g Max =133.33 - 61—(Mx 4 =68.26 KN M\|
|
\ 6 )

SpanBC: where SF=0, consider SF equation with C as reference



Sx=42.58-20x=0
_ 42.58 213

20 m
2137

 _30- KN M
M, = 42.58x 2.13 - 20x 30=15.26

5) Analyse the portal frame shown in figure and also drawn bending moment and shear force

diagram 6 wn 80 wn

& J J <
Solution: 21 i
EEM 7 1| 4™

W ab2 W cd?

— 1 2 A D
FBC_ 2 2 /"’7 am 2Lm 2m”’{:ﬁ e
1 A

:80><2><42_80><4><22 "

*

~—— -106.67 KNM

2
w&b w cd®
Fep=+ +_ %2 =+106.67 kNM

T

Slope deflection equations:

M _F +2E'(29+e) 0+ |(0+9)—1EI6 ----------- >(1)
" El 28 )

M oF +2 "7 (2046 )=0+"""(20 +o) E|e R >(2)
BA BA T B A 4

M =F + IE(ze+e)

BC BC L

2E21 4 2
=-106.67 + (20 +0 )=-106.67+ EI0 + Ele — >(3)
I 3 3
2E|
M =F +__ (20+0 )
CB CB L C
2E2I 4
=+106.67+ " (20 +0 )=+106.67+ EIO +2EI9 ------------- >(4)
2El 6 © °® 3 3
M =F +_ (20+0)
CD CD C D
281
=0+~ (20 +0)=EI0 >(5)
A C C

4



2EI

M =F (29 +0 )
DC DC é_[
=0+ 0+6 )= Ele — >(6)
T_ C 2 C
7 2
Now M +M =-106.67+ EIO + EI0 =0 -----------——-- > (7)
BA BC § B § c
—746.69+49 Elo +14 El6 = O1
4’3 subtracts
+213. 34+4EI9 + EI6 =0 r
3 83 ¢ |
-960.03+ " EI0 =0
? B
3 )
ElI0 =+960.03x ~ =+ 64 Clockwise
B
45
Using equation (7) 3[ 7 I
Elo =— -106.67+ EIO |
B
3j|'L 3 -|J
= —-106.67 + =— 64 Anticlo ckwise

al R 64|J

. Final moments are

64

Mega=64 KNM

M =—106.67 + 264 +2(—64)=— 64 KNM

BC 3 3

M =+106.67 +4_(— 64) + 2_(64): + 64 KNM

8 3 3

Mcp=- 64 KNM

1
Moc=— — 64=-32 KNM



B0 kn DO ww
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A 32 32
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Consider free body diagrams of beam and columns as shown

SokN B0 kN

By symmetrical we can write He 8 6‘} l l G’{ c  He
— Ra— S I ’
Ra=Rs=60 KNM Rl Fre
Ro=Rc=80 KNM
S Te—n n lc
/‘K 2 c_ V¥
2Ms=0 e 6L ¥ N
Hax4 =64+ 32
.. Ha=24 KN
HA’_E_}J - \7) 32
App|y AL AP Hy
2Mc=0

Hax 4 =64+ 32 %)[T\
.. Hb=24 KN 4

P L] By

':ug 431

™MD
In KN-m
B0nuM
T =
80ka
+ —
‘
_-‘gqvw T aARKN




6 )Analyse the portal frame and then draw the bending moment diagram

B0
2
- 3 b.m
: r 77y D 4
ﬂ;’ am A 3m ,777‘1-/77
Solution:
Assume sway to right.
Here 9A=0,9020,93¢ 0,9D=O
FEMS:
2 2
Foc= — Wlf‘zb :—80X852X3 ~ _56.25 KNM
Wa?b _ N 80x52x3
Fee=+ 2 a2 =+93.75 KNM
Slope deflection equations
3
M =F +2EI(29A+GB_ S\L
A8 as 2B 351 3
—0+ b |(0+e - '|-= El0 - Els R > (1)
2B —*® B
M =F + 4 }(29;9:3/6\% 8
Ba Ba 2EF 36%'/ 3
0+ (2040 “—Ei0- EB R >(2)
4 'CB 4 )' ° 8



M =F +2E'(2e +0 )
1 B C

BC BC
:—56.25+2ﬂ(29 +0 )=-56.25+ LEio + e — > (3)
8 B C 7_ B 4 C
M =F +2E'(2e+e)
CB CB T cC B
~ 49375+ °F! (29c+96%= 93.75 + © EI6 + 1 El6 - > (4)
R 2 4
M =F 2EIf ~ +0 _3
0
cp CD+ZE|J2 c D3§3r|) 3
0+ “l20 50— Y g0 - EB S > (5)
?Ell_e | c
= L4 4 8
MDC_FDC+2EL\|26D+6C 3@4\1 A
0+ “love - Y Ew0- EB I > (6)
e
4 ° 4) 2 ¢38
Mga+Mgc=0 ——> Joint conditions
Mce+Mcp=0
Ha+Hp+2Px=0 - --> Shear condition
ie, MypptMg, +MCD+MDC -0
4 4

. 3 MAB+MBA+MC?-+MDC::?
Now, M +M =EI6 —_EI6—56.25+_EI6 + EI6=0

BA BC B 8 B Z c
1
=—56.25+‘°_’E|e + " EI0 —?:EI6=O —————— >(7)
2 B4 .c8 3
And, M +M =93.75+_El0 + _EI6 +EI6 — “EI5 =0
CB CD 2 C 4 B C 8
1 3 3
=93.75+ EI6 + ElI® -"EIS=0 = —————— >(8)
778 2 C 8
1 3 3 3
And, M +M +M +M = "EI0 - “EIS+EI0 - " EIS+EI0 - EI3
AB BA cD DC 2 8 B 8 . c g
+ Eo_3g
3 3 3 8
-"El0 + El0 -_EIB=0  _____ —>(9)

2 B2 €2



From (9) Eld =EIBs+EI6c
Substitute in (7) & (8)

Eqn(7) s
-56.25+ EI6 + EIO — [EIO +EI0 ]=0
B 4 c B C
9 1
~56.25+ EI6 — "El6 =0 S >(10)
g ®8 ¢
Eqn(8) 1 3
+93.75+ " EIO + EIO - [EIO +EI6 ] 0
s B 8 B c
T
+93.75- EI6 + EI6=0
g8 ® 8 ¢

Solving equations (10) & (11) we get El6s= 41.25

By Equation (10) r 9 1
Elo0 =8 —-56.25+ " EIO
c - B|
=8 |_—56.25+ § 11 =-78.75

~41.25
3 ]

SEld= I%IOB+EI6c= 41.25-78.75=-37.5
Hence

El0s=41.25, El0c=-78.75, EI6=-37.5

-1 (a1.25)- % (-37.5) = +34.69 KNM
2 8

Mg, = 41.25 - 35(— 37.5) = +55.31KNM

M =-56.25+ 1_(41.25) + 1_(— 78.75) = -55.31KNM

> 2 4
M -9375+ 1 (-78.75) + 1 (41.75) = +64.69 KNM
< 2 4

M_=-78.75- 3_(— 37.5) = —-64.69 KNM
CD 8
M

-1 (-78.75)- > (- 37.5) = ~25.31KNM
<2 8



B0 kn
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777777 Vesand
Reactions
SpanBC:
L= 55.31— 64.869+80><3 _28.83 KN
.. Re=80-Rs=51.17
Column CD:
Hoe 64.69+25.31 _ 295
4
8e-83
-1..
553 / ! \ El4-69
L ,
+ 1so -
A 34969 L2834 A
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7) Frame ABCD is subjected to a horizontal force of 20 KN at joint C as shown in figure.
Analyse and draw bending moment diagram.

< 20 KN .
B8 Vs
T
3m
T T
A/?;,v; L p
/J,’ L/.m ”743/' 4"

Solution:

Frame is Symmetrical and unsymmetrical loaded hence there is a sway. Assume sway

towards right

EEM
Fas=Fea=Fac=Fce=Fcp=Fpc=0
Slope deflection equations are 35
MAB:FAB_'_é'(ze 0 __|
\ A B )
_oElfg %) b
;‘K PE ) (1)
= [T — > (1
3 oRI3

M =F +__ 20 +0 _33)

BA  BA |\ B A |)
L
:2E|(|ée_35\\

T |
= ﬁle\ 2 E?ES) —————— >(2)

3 B3



M =F +2E'(2e e)

BC BC L
_2El (29 +0 )
4
=Elfs+0.5 Elfc >(3)

2El
MCB :FCB + T (26

2EI
- T(Zec‘l'eB)
=EIOc+0.5EI08 .o\  eeemeemeeee > (4)
M =F 2EI( +0 _3)

CD

c+08)

2EI |K 357 ° oV

26
3 |L c 3l
2
ElO
3 c 3E|6 ______ >(5)
vo=r +25 0000 a5
DC  DC T'L D ¢ TU
_2El[, 38
Y
EI0 — “EIS e
e 2 - (6)
|. Mea +Mgc =0
1. Mce +Mcp=0
lll. Ha+Hp-20=0

ie MAB+MBA+ Mcp +Mpc

-20=0

3 3
Mag+Mga +Mcp +Mpc -60=0

Now M +M :iEIB —2EI8+EI6 +0.5EI16

BA BC B 3 B C
2
El6 +0.5E10 - “"EI5=0 —————— >(7)
A~ B C
3 23
andM +M =EIlo +0.5E10 + EI0 — " EI3
CB CD C B C
3 3
7 2
=0.5E10 + EI0 - "ElIg=0 —————— >(8)

B 3 ¢ 3



2 2 4
and M +M +M +M -60= EI® - EI5+ EI® —EEI8+4EI6

AB  BA CD DC 3 B 3 3 B 3 3 c

~%Els+ “El0 - “El5-60

3 3 ¢ 3

8
= 26105 +2E10c ™ _EI9~60=0--——--- ()
El0e =-8.18,
Eloc =-8.18,
EIs =-34.77
M =2 (-8.18)- 2 (-34.77) = +17.73 KNM
AB § §
mo=* (-8.18)- 2 (-34.77) = +12.27 KNM
BA § §

Msc=0-8.18+0.5(~8.18) =-12.27 KNM
Mce=0.5 (- 8.18)-8.18 = -12.27 KNM

M= (-8.18)- 2 (-34.77) = +12.27 KNM
CD

3 3
M =2 (-8.18)- 2 (-34.77) = +17.73 KNM
DC § g
2 g ™E&  20kwN
N /
/W | 22T | 2«27 f\f
A’L_‘) 17.73 1772 LJD
17777 77E

Reactions: Consider the free body diagram of the members



Re Re
8 * 1<
N a2 (]

J 2273

A: | ) 1773 1733 K-Jb

Hy Ry 4:"_;4;
Rp
Member AB:
Ho 177341227 64
3
MemberBC:
Re= 12.27 +412.27 — 6.135KN
.Re=-Rc =-6.135KN -ve sign indicates direction of Rs downwards
Member CD:
-17.73-12.27 T o . .
H, = 3 =-10KN -ve sign indicates the direction of Hp is left to right
1222% o
- ﬁ
12:27
+ 1773 | .
17732
BMD

In K m .



UNIT-V
MOMENT DISTRIBUTION METHOD

Distribution and carryover of moments — Stiffness and carry over factors — Analysis of continuous
beams — Plane rigid frames with and without sway — Neylor*s simplification.

A

Hardy Cross (1885-1959)
+ Moment Distribution is an iterative method of solving an

indeterminate Structure.

+ Moment distribution method was first introduced by Hardy Cross in
1932.

+ Moment distribution is suitable for analysis of all types of
indeterminate beams and rigid frames.

+ ltis also called a ‘relaxation method’ and it consists of successive
approximations using a series of cycles, each converging towards
final result.

+ Itis comparatively easier than slope deflection method. It involves solving number of

simultaneous equations with several unknowns, but in this method does not involve any

simultaneous equations.

+

It is very easily remembered and extremely useful for checking computer output of
highly indeterminate structures.

It is widely used in the analysis of all types of indeterminate beams and rigid frames.
The moment-distribution method was very popular among engineers.

It is very simple and is being used even today for preliminary analysis of small structures.

+ 4+ + +

The primary concept used in this methods are,
» Fixed End Moments
» Relative or Beam Stiffness or Stiffness factor
= Distribution factor

= Carry over moment or Carry over factor

Basic Concepts
+ In moment-distribution method, counterclockwise beam end moments are taken as positive.

+ The counterclockwise beam end moments produce clockwise moments on the joint.

+ Note the sign convention:

-

Anti-clockwise is positive { +

¥
L

Clockwise is negative { -



Assumptions in moment distribution method
4+ All the members of the structures are assumed to be fixed and fixed end moments due to

external loads are obtained.

+ All the hinged joints are released by applying an equal and opposite moment.

+ The joints are allowed to deflect (rotate) one after the other by releasing them successively.

+ The unbalanced moment at the joint is shared by the members connected at the joint when

it is released.

+ The unbalanced moment at a joint is distributed in to the two spans with their distribution

factor.

M

e e o 4

’4&(' e . :

+ Hardy cross method makes use of the ability of various structural members at a joint to

sustain moments in proportional to their relative stiffness.

Fixed End Moments

+ All members of a given frame are initially assumed fixed at both ends.

+ The loads acting on these fixed beams produce fixed end moments at the ends.

+ FEM are the moments exerted by the supports on the beam ends.

+ These (non-existent) moments keep the rotations at the ends of each member zero.
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Relative or Beam Stiffness or Stiffness factor
+ When a structural member of uniform section is subjected to a moment at one end, then the

moment required so as to rotate that end to produce unit slope is called the stiffness of the
member.

+ Stiffness is the member of force required to produce unit deflection.

+ Itis also the moment required to produce unit rotation at a specified joint in a beam or a
structure. It can be extended to denote the torque needed to produce unit twist.

+ It is the moment required to rotate the end while acting on it through a unit rotation,
without translation of the far end being

v" Beam is hinged or simply supported at both ends

k = 3EI/L
v' Beam is hinged or simply supported at one end and fixed at other end
k = 4El/L

v' Stiffness of members in continuous beams and rigid frames
» Stiffness of all intermediate members k=4EI/L

» Stiffness of edge members,

% If edge support is fixed k=4EI/L
¢ Ifedge support is hinged or roller k=3EI/L
+ Where, E = Young*s modulus of the beam material

I = Moment of inertia of the beam
L = Beam*s span length



Distribution factor

+ When several members meet at a joint and a moment is applied at the joint to
produce rotation without translation of the members, the moment is distributed
among all the members meeting at that joint proportionate to their stiffness.

+ Distribution factor = Relative stiffness / Sum of relative stiffness at the joint

+ [Ifthere is 3 members,

Distribution factors = ki / (ki+kz+ks), Ko/ (kit+kat+ks), ka/ (ki+ka+ks)

Carry over moment

+ Carry over moment: It is defined as the moment induced at the fixed end of the beam by
the action of a moment applied at the other end, which is hinged.
+ Carry over moment is the same nature of the applied moment.
Carry over factor (C.O):
+ A moment applied at the hinged end B “carries over” to the fixed end ,, A",

a moment equal to half the amount of applied moment and of the same rotational

sense. C.0 =0.5
Problem:
1. Find the distribution factor for the given beam. }/
T A L TB L Tc L q?
Joint | Member | Relative stiffness Sum of Relative stiffness Distribution factor
A AB 4E1/ L 4E1/ L (4EI/L)/(4EI/L) =1
BA 3El/L (3EI/L) /(TEI/L)=23/7
B 3EI/L+ 4ElI/L =7ElI/L
BC 4EI/ L (4EL/ L)/ (TEI/ L) = 477
CB 4E1/ L (4EI/L)/(8EI/L) =4/8
C 4EI/L+ 4EI/L=8ElI/L
CD 4EI/ L (4E1/ L)/ (8EI/L)=4/8
D DC 4EI/ L 4EI/ L (4EI/ L) (4EI/L) =1

2. Find the distribution factor for the given beam.

ﬁ 3N Q) %
A L T B L e
Joint | Member| Relative stiffness Sum of Relative stiffness Distribution factor
A AB 4E@3I)/L 12EI/L (12E1/L)/(12E1/L) =1
BA 4E(3I) /L (12E1/L)/(16EI/L)=3/4

12E1/L + 4EI /L = 16EI/L
BC 4EI/ L (4E1/L)/ (16E1/ L) = 1/4

C CB 4EITL 4EITL (4EI/L)/ (4EITL) =1




3. Find the distribution factor for the given beam.

A B C
| . |
Joint | Member| Relative stiffness Sum of Relative Distribution factor
BA 0 (no support) 0
B BC 3EI/L SEI/L (3EI/L)/(3EI/L) =1
c CB 3EI/L 3EI/L+4El/L (BEI/L)/(TEI/L)=3/7
CD 4E1/ L =7EI/L 4EI/L)/(TEIIL) =417
D DC 4E1/ L 4E1/ L (4EI/L)/(4E1/L) =1

Elexural Rigidity of Beams:
+ The product of young™s modulus (E) and moment of inertia (1) is called Flexural

Rigidity (EI) of Beams. The unit is N.mm?,
Constant strength beam:
+ Ifthe flexural Rigidity (EI) is constant over the uniform section, it is called
Constant strength beam.
Sway:
+ Sway is the lateral movement of joints in a portal frame due to the unsymmetrical
dimensions, loads, moments of inertia, end conditions, etc.

What are the situations where in sway will occur in portal frames?

+ Eccentric or unsymmetrical loading
Unsymmetrical geometry
Different end conditions of the columns

Non-uniform section of the members

+ + + +

Unsymmetrical settlement of supports
+ A combination of the above
What are symmetric and antisymmetric quantities in structural behaviour?
+ When a symmetrical structure is loaded with symmetrical loading, the bending moment and
deflected shape will be symmetrical about the same axis.
+ Bending moment and deflection are symmetrical quantities
Steps involved in Moment Distribution Method:
1. Calculate fixed end moments due to applied loads following the same sign convention and
procedure, which was adopted in the slope-deflection method.
2. Calculate relative stiffness.

3. Determine the distribution factors for various members framing into a particular joint.



4. Distribute the net fixed end moments at the joints to various members by multiplying the
net moment by their respective distribution factors in the first cycle.

5. In the second and subsequent cycles, carry-over moments from the far ends of the same
member (carry-over moment will be half of the distributed moment).

6. Consider this carry-over moment as a fixed end moment and determine the balancing
moment. This procedure is repeated from second cycle onwards till convergence

Advantages of Fixed Ends or Fixed Supports

1. Slope at the ends is zero.

2. Fixed beams are stiffer, stronger and more stable than SSB.

3. In case of fixed beams, fixed end moments will reduce the BM in each section.

4. The maximum defection is reduced.

Problem:

1. Analyse the frame given in figure by moment distribution method and draw the BM.D &

SED 50 KN
A
P st I | c
Step: 1 - Fixed end moment 7 4m & 2m 3m o
MFAB = -WL%12 = - 10x4%/12 = -13.33 KNM
Maa = WL2/12 = 10%42/12 = -13.33 KNM
Mg = ~Wab?/L? = 50x2x3%52 = -36 KNM
Mes = Wa?b/L? = 50x22x3/52 = 24 KNM
Step: 2 - Stiffness
Kag = Kea = 4EI/L = El
Kec = Kee = 3EIL = 0.6El
Step: 3 - Distribution factor
Joint B
OF = K (K +K ) = 0.63
BA BA BA BC
oF = K K +K ) = 037
BC BC BA BC
Step: 4 - Moment distribution
B
MEMBER AB BA BC CB
DF 0 0.67 0.33 0
FEM -13.33 +13.33 -36 +24
BALANCING 0 0 0 -24
CF 0 0 -12 0
M -13.33 +13.33 -48 0
BALANCING 0 21.84 12.83 0
CF 10.92 0 0 0
M-FINAL 2.4 35.17 -35.17 0




Step: 5 - Reactions

Span AB:
Ra = 11.81 KN
Rer = 28.19 KN
Span BC:
Re: = 37.03 KN
Rc = 12.97 KN 18 .
7/ 37.07
4 +
% //
1257
SFD
2. Analyse the frame given in figure by moment distribution method and draw the
B.M.D&S.F.D 25 KN
A I0KNM o +
NNV NNV,
4m 2m
4m
Step: 1 - Fixed end moment D
MFAB = -WL%12 = - 10%x4%/12 = -13.33 KNM
MFBA = WL%/12 = 10x4%/12 = -13.33 KNM
Mac = -WL/8 = -25x4/8 = -12.5 KNM
MFCB = WL/8 = 25x4/8 = 12.5 KNM
Mep = 0
F —
M DB 0
Step: 2 - Stiffness
Kas = Kea = 4EI/IL = El
Kge = Keg = 3EIlL = 0.75El
Kep = Ko = 4EIL = El
Step: 3 - Distribution factor
Joint B
DF = K /(K +K +K ) = 0.36
BA BA BA BC BD
DF = K /(K +K +K ) = 0.28
BC BC BA BC BD
DF = K /(K +K +K ) = 0.36
BD BD BA BC BD



Step: 4 - Moment distribution

B
MEMBER AB BA BC BD DB CB
DF 0 0.36 0.28 0.36 0
FEM -13.33 +13.33 -12.5 0 0 +12.5
CF 0 0 -6.25 0 0 -125
M(initial) -13.33 +13.33 -18.75 0 0 0
BALANCING 0 +1.95 1.52 1.95 0 0
MF 0.98 0 0 0 0.98 0
M-FINAL -12.35 15.28 -17.23 1.95 0.98 0
Step: 5 - Find reactions:
Span AB: e
A L . &
Ra = 19.27 KN %@Lm'v‘ = s
- 2 P g
RBl = 20.73 KN
Span BC: —
Rgy, = 16.32 KN D
Rc = 8.68 KN
Span BD:
RB3 = -0.73 KN
Rp = 0.73 KN
7
%V
-V um
e




3._The continuous beam ABCD. subjected to the given loads. as shown in Figure below. Assume

that onlv rotation of joints occurs at B, C and D. and that no support displacements occur at
B. C and D. Due to the applied loads in spans AB. BC and CD. rotations occur at B. C and D
using moment distribution method.

150KN

15 kKN/m 10 KN/m

4 1 &
o e el P s A A A

L. gm P i m 8 m
fe

&

Step: 1 - Fixed end moments

wiz  (15)(8)?
Mag =—Mpa=———=— =—-80kN.m

12
_ W (1s0)6) _

M =-M

BC CB

—112.5kN.m

8 8
wi? (10)(8)?
Mcp =—-Mpc =- o - 1 - —53.333kN.m

Step: 2 - Stiffness Factors (Unmodified Stiffness)

4E| _ (4)(EI)
L

K =K 4El _BED _ g67E]

BC L b
4E| 4
= ] | = El =05El

KAB = KBA = = 0.5El

K

co ||__8|J 8

Koo = % = 0.5El

Step: 3 - Distribution Factors

Kew 0.5El

Ko + K. 0.5+ (wall stiffness)

wall
pE — Ke —_—0S5EI — 0.4284

PA Ky, + Ky  0.5El +0.667El
DF - K& _  0667El  _05716
® Ky +Kec  0.5El +0.667El
DF = Ke  0667El
® Kg +Kg 0.667EI +0.500El
DF _ Kep  _ 0.500El =0.4284
@ Ke + Koo 0.667EI +0.500El

DFas =

=0.5716

K
DFpc =k~ =1.00
DC



Step: 4 - Moment Distribution

Joint A B C D
Member AB BA BC CB CD DC
DF 0 0.4284 0.5716 0.64 0.36 1
FEM -80 80 -112.50 112.50 -53.33 53.33
It Distribution 13.923 | 18.577 -37.87 -21.3 -53.33
Carry over Moment 6.962 -18.93 9.289 -26.67 -10.65
2" Distribution 8.111 10.823 11.122 6.256 10.65
Carry over Moment 4.056 5.561 5.412 5.325 3.128
3" Distribution -2.382 | -3.179 -6.872 -3.865 -3.128
Carry over Moment -1.191 -3.436 -1.59 -1.564 -1.933
4" Distribution 1.472 1.964 2.019 1.135 1.933
Carry over Moment 0.736 1.01 0.982 0.967 0.568
5% Distribution -0.433 -0.577 -1.247 -0.702 -0.568
Carry over Moment
M-FINAL -69.44 100.69 -100.7 -03.748 93.75 0
Step: 5 - Computation of Shear Forces
) 10 kN/m
150 kN
o - S T
y
A [ ey [ Er ]
8m 3im 3m 8 m
!f .-’ll/ /ll/ /'IJ, :'-!
Simply-supported 60 60 75 75 40 40
reaction
End reaction
due fo left hand FEM 8.726 8726 | 16665 -16.67 | 12.079 -1208
End reaction
due to right hand FEM | -12.5 12498 -16.1 16.102 0 0
Summed-up 56.228 63.772 | 75563 74437 | 53.077 27923
moments



5. Analyse the beam as shown in figure by moment distribution method and draw the BMD.
Assume El is constant

230 kNm

- —kom
4 ¥ 4 oy - é s 1 .
Step: 1 - Fixed end moments (VI s e — M N g W jﬁ
Mg = 0
MFBA = 0
Mec = -WL?/12 = -20x12%/12 = -240 KNM
Mg = WL?/12 = -20x12%/12 = 240 KNM
Mo = - WL/8 = -250%8/8 = -250 KNM
Mpe = WL/8 = 250%8/8 = 250 KNM
Step:2 - Distribution factor
Joint Member Relative Stiffness (K) YK D.F = (K/ZK)
5 BA I/L=(/12) 6 0.50
BC I/L=(/12) 0.50
CB I/L=(/12) 0.40
C 51 /24
CD I/L=(1/8) 0.60
Step:3 — Moment Distribution
It A B C D
Member AB BA | BC CB|CD o
DF 0 5105 04)06 0
FEM 0 0-240 +240 | -250 +250
Balance /120 +12 416 \
C.O 60 2 E><)60 3
Balance / -11-1 -24 -36\)
C.O -0.5 -12><-0.5 -18
Balance +6 | +6 0.2 0.3\
co |3 e 0.1 T 3 0.15
Balance 0.05 -O_(E><)- 1.2]-1 8\
Co -o.os/ 06 20.03 0.9
Balance 03|+03 0.01 0.0\
C.0 0.15 0.01
62.62 125.25 | -125.25 281.48 | -281.48 234.26
Final
moments
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5. Analyze the continuous beam as shown in fig by moment distribution method and

draw BMD & SFD
3kN/m 23 kN 16 kN

A ; I - [ 10 kN
4 4 4 Im 3 2N J
m 4n E
@ @ " - m@ nE

Step: 1 - Fixed end moments

3x4°
FEM: Mgas = - ’1‘; = —4KNm: M,,, =4kNm
3x87 2353 3x8* 25
Wi om0 X0 1 Wi, M= 2 220 i
12 8 12
x1?x3
Mepe = 16X#=+3kNm Mpe =-10 x 1 =—=10kNm
2
Mgep = —w =.9 kNm
4
Step:2 - Distribution factor
Jt Member Relative K DF = —K—
3 stiffness (K) > K
B BA ixﬂ=0.56l 1 811 031
4" 4
BC 1018 = 1.251 0.69
C CB 1018 = 1.251 1.631 0.77
23
=0 2 2= 0381 =
474




Step: 3 - Moment Distribution

Jt A B C D
Member AB BA | BC CB|CD DC | DE
D.F | 0.311]0.69 0.77  0.23 101
FEM -4 4 (-41 +41 [ -9 3|-10
Release of [ +4 \ +7
joint A and 2 3.5
adjusting
moment at
D
Initial 0 6|-41 41 |-5.5 +10 | -10
moments
Balance 10.9 | 24.1 -27.3 | -8.2
Cc.O -13.7>< 12,1
Balance 42195 -9.31-28
c.O -4.7>< 4.8
Balance 1.5 | 32 -3.7|-1.1
c.O -1.9 1.6
Balance 06|13 -1.2]-04
c.O -0.6>< 0.7
Balance 02104 -0.5(-0.2
cQ -O.3>< 0.2
Balance 0.09 10.21 -0.15 | -0.05
Final 0 23.49 | -23.49 18.25 | -18.25 10 | -10
moments

Step: 4 — BMD & SED
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6. Analyze the continues beam as shown in figure by moment distribution method and draw the

. SO\N
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Support B sinks by 10mm, and take E = 2 x 10° N/mm2, | = 1.2 x 10 m*

Step: 1 - Fixed end moments

Mgag = FEM due to load
+ FEM due to sinking

—wl®> [—6EIA
+ >
12 12

—20x6° 6x2x10°x1.2x107*x10"”x10
12 (6000 )’ x10°
=—-60-40
I\HIFAB =-100 kNl]l
Mgpa = FEM due to load + FEM due to sinking
=+60-40
I\KIFBA =420 kNm

Mgsc = FEM due to loading
+ FEM due to sinking

—Wab® 6EIA
= 2 + >
1 1’
3x2° . 6x2x10°1.2x107*x10"” x10
? (5000) x 10°

I
tn
[}
b

5

=_24+576

Mgga =+ 33.6 KNm

Wa’b 6EIA
2 + 2
1? 1

_ 50x3'x2

e

I\KIFCB =93.6kNm

NIFCB =+

+57.6

MEgcp = due to load only (.- C & D are at some level)

—wl® —-20x4’
Mecp= - — _26.67kNm
T, 12
Mipe = + 26.67 KNm

Step:2 - Distribution factor

Relative K
/| . ——
Jt. Membel stiffness (K) YK DE ZK

B BA 6 0.46
BC U5 0.361 0.54
C CB s 0.51

CcD Xfi=0.191 0.391 0.49

| w




Step: 3 - Moment Distribution

Jt A B C D
Member AB BA | BC CB | CD DC
D.F 0.46 | 0.54 0.51(0.49
FEM -100 +20 | +33.6 +93.6 | -26.67 +26.67
Release jt. -26.67
D
co -13.34
Initial -100 +20 | +33.6 +93.6 | -40.01 0
moments
Balance /24.66 -28.94 27.33 | -26.26
c.O -12.33 -13.6 --14.47
Balance e +6.29 +7.3%+7.38 +7.09
Cc.O +3.15 +3.69 +3.69
Balance e -1.7 -1.99><—1.88 -1.81
c.O -0.85 -0.94 -1
Balance e +0.43 +O.5‘1><F0.51 +0.49
c.O +0.22 +0.26 +0.26
Balance o -0.12 | -0.14 -0.13 1 -0.13
Cc.0 -0.06
Final -109.87 +0.24 | -0.24 +60.63 | -60.63
moments
Step: 4 — BMD

109.87

\2

50x3x2/5 =
20x6° / 8 = 90 WRIR25="60 20x4%/8 = 40KNM

KNM T



6. Analysis the frame shown in figure by moment distribution method and draw BMD.
Assume EI is constant
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Step: 1 - Fixed end moments
Mras = Mra= Mrcp = Mrpc = Mrce Mrec =0
5 2
MFBC:' X6 =—15kNm
Mgcg =+ 15 kKNm
Step:2 - Distribution factor
K
Jt. Member | Relative stiffness (K) YK DF = ﬁ
B BA s 11 I 0.55
30
BC 16 0.45
C CB I/6=0.171 0.33
CD I 0511 0.3
—T1/5 =04151
4
CE ixl=0.19I 0.37
474




Step: 3 - Moment Distribution

Jt A B (&
Member AB BA | BC CB CD'|'CE
D.F 0 0.55]1045 0.33 0.3 10.37
FEM 0 0f-15 +15 010
Balance /8.25 6.75 495 -4.51-5.55
c.0 4.13 -2.48 3.38
Balance /1.36 1.12><-1.12 -1.01 | -1.25
c.0 0.68 0.56 0.56
Balance /0.31 0.25 -0.18 -0.17 | -0.21
cC.O 0.16 -0.09 0.13
Balance /0.05 0.04 -0.04 -0.04 | -0.05
c.O 0.03
Final 5 9.97(-9.97 12.78 -5.72 | -7.06
moments
Step: 4 — BMD
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8. Analyze the frame shown in figure by moment distribution method and draw BMD and SFD

e P
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Step: 1 - Fixed end moments
20x5?
Mgag = - =-41.67 KNM
Mgga =+ 41.67 KNM
D'/IFBD = ]-\IFDB = 0
Mgge =-50x 1 =-50 KNM
Step:2 - Distribution factor
A . < F DF = L
Jt. Member K K ZK
BA 2I/5 =041 0.62
B
BC 0 0.651 0
BD I4=0251 0.38
Step: 3 - Moment Distribution
Tt A B D
Member AB BA | BC BD DB
D.F 01 06210 0.38 0
FEM -41.67 41.67 | -50 0 0
Balance / 52| 0 3.13 i

co 2.6 1.6

Final -39.07 46.87 -50 [ 3.13 1.6

moments
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Moment distribution method for frames with side sway:
+ Frames that are non symmetrical with reference to material property or geometry (different
lengths and | values of column) or support condition or subjected to nonsymmetrical

loading have a tendency to side sway.
P
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9. Analyze the frame shown in figure by moment distribution method. Assume El is constant.
\Gww
UL S T“‘“
er— . 3 e >R
M = +
i 0
T -\L Irazorras e.,-,.m a‘rza;) f.‘mw rmngq
Non Sway Analysis:
+ First consider the frame held from side sway as shown in figure.
Step: 1 - Fixed end moments
Mgas = Mega = Mrcp = Mrpc =0
16x1x4°
Mrse = - ——— " = .10.24 KNm
52
16x1* x4
Mecp= % =256 kNm
Step:2 - Distribution factor
Jt Member Relative YK DF = L
’ stiffness K > K
B BA I'5=021 041 0.5
BC I'5=021 0.5
C CB I5=0.21I 0.41 0.5
CD I5=0.21I 0.5




Step: 3 - Moment Distribution

Joint A B C D
Member AB BA | BC CB | CD DC
D.F 0 05105 05105 0
FEM 0 -10.24 25610 0
Balance 5.1215.12 1.28]-1.2
coO 2.56 / -0.6><2.56 \.0.64
Balance — 0.32 0.32><0.08 -0.08\
co 0.16 -0.64 0.16 -0.64
Balance — 0.32 0.32><—0.08 -0.0\
Cc.O 0.16 -0.04 0.16 -0.04
Balance / 0.02 10.02 -0.08 -0.0&\
Cc.O 0.01 -0.04
Final 2.89 5.78 | -5.78 2,721 -2.72 -1.36
moments
EBD of columns:
By seeing of the FBD of columns | e ‘&_\_}
R=173_082 578KNM | 1.73KN 2.72KNM |0.82KN
(Using XFx = 0 for entire frame) = 0.91 KN («)
Now apply
R =0.91 kN acting opposite as shown in figure
for the sway analysis.
2k Ly P 1.36 KNM e
&/ A
l

1i)_Sway analysis:

+ For this we will assume a force R’ is applied at C causing the frame to deflect A* as shown

in figure A A
B T ) Q >R

A i

I |




Since both ends are fixed. columns are of same length & I and assuming joints B

& C are temporarily restrained from rotating and resulting fixed end moment are

l\"I‘BA :I\’I;\B ZI\'IIC'D ZI\'I'DC ZGE—EA
Assume M}, =—100kNm

5 My = M., =M. =-100kNm

Moment distribution table for sway analysis:

Joint A B C D
Member AB BA | BC CB|CD DC
D.F 01 05(0.5 0505 0
FEM —100 —-100 (0 0] =100 —100
Balance 50 | 50 50| 50
(0] 25 25 25 25
Balance /—12.5 -12 12.5 —12.5‘\
CcO -6.25 -6.25 -6.25 —6.25
Balance //3'125 3.125>_<;::~.125 3.125\
c.O 1.56 1.56 1.56 1.56
Balance —0.78 | -0.78 -0.78 | -0.7
ef’"’/ 8\
c.O -0.39 —0.39 -0.39 0.39
Balance e/ 0.19510.195 0.195 0.195\
c.O 0.1 0.1
Final -80 -60 | 60 60 | — 60 — 80
moments
EBD of columns: Cb\ (&\
Using Z F, = 0 for the entire frame 60 KNMNI 28RN 60 KNM BN

R =28 +28 =56 KN (—)

80 KNM

28 KN \& 28 KN




+ Hence R =56KN creates the sway moments shown in above moment distribution table.
Corresponding moments caused by R = 0.91KN can be determined by proportion.
+ Thus final moments are calculated by adding non sway moments and sway moments

calculated for R = 0.91KN, as shown below

0.91
—— (-80) =1.59 KNm
56
0.91
56
Mpc=-5.78 + 05—5;1 (60) =-4.81 kKNm

Map =289+

Mga=5.78+ (-60) =4.81 KNm

Mcg =2.72 + %1 (60) = 3.7 kKNm

0.91

56

0.91
Mpc=-1.36+ = (-80) =-2.66 kKNm

Mcp =-2.72 + (-60) = -3.7 kNm

4.81
KNM AW g “‘\‘,{ Vi
—~ &

1.59 2.66
KNM sw s o IRV



Moment distribution method for frames with side sway:

1. Analysis the rigid frame shown in figure by moment distribution method and draw BMD

20 KN
2m . 2m g
1Y 7
| |B 21
41
10 KK
3m
ot

L_Non Sway Analysis:

First consider the frame held from side sway as shown in figure 2

EEM calculation:

v
=

10x3x4*
Meag = - ———— =— 9 8KNM
10x3% x4
Mgy =+ ———— =7 3KNM
20x4
Mspc = - —— = .10 KNM
Mzcs = + 10KNM
Mrcp =Mrpc =0
Distribution Factor:
Joint Member Relative Yk DF = L
stiffness k Z K
B BA 3 1 0611 0.18
—x—=0.111
47
BC 21/4 =0.51 0.82
C CB 21/4=0.51 0.72
CD 3 1 0.691 0.28
ZX’—: 0.191




Moment distribution for non sway analysis:

Joint A B

Member AB BA [ BC CB|CD DC
D.F | 0.18 1 0.82 0.72 [ 0.28 1
FEM -9.8 7.3]-10 100 0
Release jt. | +9.8

‘D- \

coO 4.9

Initial 0 12.2 | -10 100 0
moments

Balance -04(-1.8 -7.21-28

CcO -3.6><-O.9

Balance 0.65 | 2.95 0.65]0.25

c.o 0.33 1.48

Balance -0.06 | -0.2 -1.07 | -0.41

c.o -0.54 -0.14

Balance 0.1 0.44 0.1]0.04

Final 0 12.49 | -12.49 2.92]-2.92 0
moiments

EBD of column

S.

+ FBD of columns AB & CD for non-sway analysis is shown in figure

12.49 KN]
4

A

B 6.07 KN

&—3.93KN

A

. >0.73 KN

2.92 KNND

Applying XF, = 0 for frame as a

Whole, R=10-3.93 -0.73

=534 kN («)

(T‘““ 0.73 KN

pe—=

+ Now apply R = 5.34KN acting opposite as shown in figure for sway analysis




i) _Sway analysis:
+ For this we will assume a force R’ is applied at C causing the frame to deflect A" as shown

in figure. :
A

Since ends A & D are hinged and columns AB & CD are of different lengths
M,, = - 3EIA"/L%
M'cp= - 3EIA/L%

Mg, 3EIAYI] 1

[V

_4_16
My 3EIA/L 17 70 49
Assume M}, = —16kNm &M, =0
& M}, =—49kNm & M_.=0

Moment distribution table for sway analysis:
Toint A B C D

Member AB BA [ BC CB €D DC
D.F 1 0.18 1 0.82 0.72 [ 0.28 1
FEM 0 -16 10 01]-49 0
Balance 2.88113.12 35.28 | 13.72
Cco 17.64 6.56
Balance -3.18 -14.$<4.72 -1.84
Cco -2.36 -7.23
Balance 0.42 | 1.94 521 |2.02
coO 2.61 0.97
Balance -0.47 [ -2.1 -0.7 | -0.27
Cc.O 0.35><-1.07
Balance 0.06 | 0.29 0.77 ] 0.3
c.O 0.39 0.15
Balance -0.07 | -0.32 -0.11 | -0.04
Final 0 -16.36 | 16.36 35.11 | -35.11 0

moments




FBD of columns AB & CD for sway analysis moments is shown in fig.

C\

> 234KN ﬁ

16.36 ——>8.78 KN

A 35.11 KNM
X—878KN

Using Tf; = 0 for the entire frame
R'=11LI12KN(—)

Hence R’ = 11.12 kN creates the sway moments shown in the above moment distribution
table. Cormresponding moments caused by R = 5.34 KN can be determined by proportion.

Thus final moments are calculated by adding non-sway moments and sway
moments determined for R = 5.34 KN as shown below,
Mup=0
5.34

Mgy =1249+ —

(—16.36) =4.63 kNm
11.12

5.3
Mge= -12.49+ i—l—li" (16.36) = -4.63 KNM

Mep= 2.924 151'34, (35.11) = 19.78 kKNm
Mep= -2.92+ 151'31', (~35.11) = -19.78 KNM
f\‘ID( =10 .
J19. 78
il kM
4.63 e
KNM W, \
4.63 = s i
== »19.78
HNM / . KNM
20x4/4 =20
KNM
+ -
10x3x4/7=17.4 BMD




UNIT-111
ARCHES

Arches as structural forms — Examples of arch structures — Types of arches — Analysis of three
hinged, two hinged and fixed arches, parabolic and circular arches — Settlement and temperature

effects.

v

“Introduction:
+ Mainly three types of arches are used in practice: three-hinged, two-hinged and hingeless
arches.
+ In 19" century, three-hinged arches were commonly used for the long span structures.
+ Then development in structural analysis, for long span structures starting from late
nineteenth century engineers adopted two-hinged and hingeless arches.

+ Two-hinged arch is the statically indeterminate structure to degree one.

+

Usually, the horizontal reaction is treated as the redundant and is evaluated by the method

of least work.

+ An arch is a curved beam or structure in vertical plane and subjected to transverse loads
which act on the convex side of the curve and re-sights the external loads by virtue of
thrust.

+ Itis subjected to three restraining forces i.e.,

=  Thrust

= Shear force

= Bending Moment
What is an arch? Explain.

+ Anarch is defined as a curved girder, having convexity upwards and supported at its ends.

+ The supports must effectively arrest displacements in the vertical and horizontal
directions.

+ Only then there will be arch action.

What is a linear arch?

+ Ifanarch is to take loads, say W1, W2, and W3 (fig) and a Vector diagram and funicular

polygon are plotted as shown, the funicular polygon is known as the linear arch or

theoretical arch. D
™ Ve
o 4 q Q v R
g W ol (Wi
W Wi W, e v \4
l'l (‘)1 R| 'S (OCrremmrrmmmsnsenses t P/C 0 E\ S
R ~ N\
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\T T TB
I
Space Diagram

¢ Q—
Vector Diagram

-



+ The polar distance ,,ot represents the horizontal thrust.
+ The links AC, CD, DE, and EB will be under compression and there will be no bending
moment.

+

If an arch of this shape ACDEB is provided, there will be no bending moment.

+ Foragiven set of vertical loads W1, W2.....etc., we can have any number of linear arches
depending on where we choose ,,0°“ or how much horizontal thrust (or) we choose to
introduce.

State Eddy’s theorem.

+ Eddy*s theorem states that “The bending moment at any section of an arch is proportional
to the vertical intercept between the linear arch (or theoretical arch) and the centre line of
the actual arch.”

+ BMy = Ordinate O»03 X scale factor

Actual arch

Theoretical arch

What is the dearee of static indeterminacy of a three hinaged parabolic arch?

+ For athree hinged parabolic arch, the degree of static indeterminancy is zero.
+ ltis statically determinate.

Explain with the aid of a sketch, the normal thrust and radial shear in an arch rib.

TN

+ Let us take a section X of an arch. (fig (a) ).

+ Let g be the inclination of the tangent at X.
+ [IfHis the horizontal thrust and V the vertical shear at X, from the free body of the RHS of
the arch, it is clear that VV and H will have normal and radial components given by,
N = H cosO + V sin©
R = V c0sO - H sin©



Difference between the basic action of an arch and a suspension cable
+ Anarch is essentially a compression member which can also take bending moments and

shears.

+ Bending moments and shears will be absent if the arch is parabolic and the loading
uniformly distributed.

+ A cable can take only tension. A suspension bridge will therefore have a cable and a
stiffening girder.

+ The girder will take the bending moment and shears in the bridge and the cable, only
tension.

+ Because of the thrusts in the cables and arches, the bending moments are considerably
reduced.

+ Ifthe load on the girder is uniform, the bridge will have only cable tension and no bending

moment on the girder.

Distinguish between two hinged and three hinged arches

SI. No Two hinged arches Three hinged arches
1 géztrlgslly indeterminate to first Statically determinate
5 Might develop temperature Increase in temperature causes increase in
stresses Central rise. No stresses.
Easy to analyse.
3 Structurally more efficient But in costruction, the central hinge may
involve additional expenditure.
4 Will develop stresses due to Since this is determinate, no stresses due
sinking of supports to support sinking.

Types of Arches

a). According to the support conditions (structural behaviour arches) or hinges
i.  Three hinged arch

+ Hinged at the supports and the crown
+ A 3-hinged arch is a statically determinate structure.

Hinged at the
own

Rise
Springin
ii.  Two hinged arch Q Hinged at the /\‘
g . \ Support /vf?ﬁ

+ Hinged only at the support

+ Itis an indeterminate structure of degree of indeterminacy equal to 1



Rib of the arch

Span VT

\ Hinges at the /

support

iii.  Single hinged arch
iv.  Fixed arch (or) hingeless arch
+ The supports are fixed
+ Itis astatically indeterminate structure.
+ The degree of indeterminancy is 3
b). According to their shapes /
v.  Circular or curved or segmental arch
vi.  Parabolic arch
vii.  Elliptical arch
viii.  Polygonal arch
¢). According to their basis of materials
i.  Steel arches,
ii.  Reinforced concrete arches,
iii.  Masonry arches (Brick or Stone) etc.,

d). According to their space between the loaded area and the rib arches
i.  Openarch

ii.  Closed arch (solid arch).

Three Hinged Arch
+ Three hinged arch is statically determinate.

+ Third hinge at crown and the other two hinges at
each abutments
+ Mostly used for long span bridges
Analysis of three Hinged Parabolic Arch
+ Bending moment at the crown hinge is zero
+ Arch have two reaction at support

(One horizontal & one vertical)

+ Need for four equation to solve and find the

unknown reaction.



+ We can use three static equilibrium conditions and in addition to that the B.M. at the

crown hinge is equal to zero.

+ Crown

Rise

Springin

\ZS Hinged at the Z}
\ SuppOrt/ :

For Symmetric Parabolic Arch:

1. Rise:

413 x (L —x)

V=

-

Where,
Ye = r = Radius (or) Rise of arch
L Length of Arch or Span

2. lnternal forces (Ex. Fy & Mz)
a. Normal Thrust (Nx)

Nx = Vx Sin© + H Cos©

b. Radial Shear (Rx)
Rx = Vx Sin© - H CosO

c. Slope of arch (0)
0 = tan’ [(4h/L?) (L — 2x)

d. Resultant (R)
Ra = (VA% + Hp?)

Where,

Fx or Rx = shear force in the arch
Fy or Ny = thrust in the arch
0 = Slope of arch axis at P.
\Y = Shear at P
C = Thrust at P
M = Bending moment at P



1. Athree hinged parabolic arch of 20 m span and 4 m central rise as shown in fiqure carries

a point load of 40 kN at 4 m horizontally from left support. Compute BM, SE and AF at

load point. Also determine maximum positive and negative bending moments in the arch

and plot the bending moment diagram.

l 40kN ¢
= _‘_ll x(L-%) = £ x (20 -x)
% 400
y=— (20-%)
25

4 16
RB:T’B X4O=SkN.RA=’;‘—6 x40=32 kN

Me=0,4H=32x10-40x6=80, H=20kN
0=<x<4m

M;=32x-20 X 0-x)=16x+ 4 e BENDING MOMENT DIAGRAM
25

4x16

=T76.8 kNm

x=4 Mys=16x4+
4m=x<20m

My=32X-20 —
25

(20-x)—-40(x—4)=160-24x + % &

x =4, My = 76.8 kNm (check)

x=10.M;=160-240+-80=0

- 4
x=15 Mc=160-24x 15+ — X 225=-20kNm

x =20, M; =0 (ok)

B.M.D

i+75-8kNm

[\w

ala als ola
4m 6m ' S5m ' Sm




Analysis of two-hinged arch
+ Atypical two-hinged arch is having four unknown reactions, but there are only three

equations of equilibrium available.
+ Hence, the degree of statically indeterminacy is one for two-hinged arch.

P, c
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Rib-shortening in the case of arches.
+ Inatwo hinged arch, the normal thrust which is a compressive force along the axis of the

arch will shorten the rib of the arch.
+ This in turn will release part of the horizontal thrust.
+ Normally, this effect is not considered in the analysis (in the case of two hinged arches).
+ Depending upon the importance of the work we can either take into account or omit the
effect of rib shortening.
+ This will be done by considering (or omitting) strain energy due to axial compression

along with the strain energy due to bending in evaluating H.



Strain energy due to bending (Up)

U, = |-'UA ds
2 2E]
Where,
= Bending moment
E = Young’s modulus of the arch material
I = Moment of inertia of the arch cross section
S = Length of the centreline of the arch

Strain energy due to axial compression (Ua)

Where, A
M = Bending moment
N = Axial compression.
A = Cross sectional area of the arch
E = Young’s modulus of the arch material
S = Length of the centreline of the arch

Total strain energy of the arch
I '- M~ / e N°

. A.Q'J s
T e VT

Symmetrical two hinged arch
+ Consider a symmetrical two-hinged arch as shown in figure.

A [ ,;_’%’ " x
y h h-y
H H

> A A} A 4 g

A A
R v R,

Yy
L
- >

+ Let,,C*at crown be the origin of co-ordinate axes.
+ Now, replace hinge at ‘B’ with a roller support.

+ Then we get a simply supported curved beam figure as shown in below.

Cc
*

Structure
before applying
external load



+ Since the curved beam is free to move horizontally, it will do so as shown by dotted lines.

+ Let Mo and N, be the bending moment and axial force at any cross section of the simply
supported curved beam.

+ Since, in the original arch structure, there is no horizontal displacement, now apply a

horizontal force ,,H’ as shown in figure.

e e

"~ Structure before
S «{ applying H

- - _— ~
-~ .

~ e ]
A o N e 8 "
- : B E ; —

+ The horizontal force ,,H’ should be of such magnitude, that the displacement at ,,B” must

vanish. LI
" B.W
Vo
Bending moment at any cross section of the arch M = Mo — H (h-y)
The axial compressive force at any cross section N = No + H cos@
Where,

0 — the angle made by the tangent at D with horizontal
Substituting the value of M and N in the equation

o] M, ~F ; « N, + Hcosé
L_—’:(): = e o ~H{h~) )(1'3— V)ds + [— ot Hto.\ycns(‘/(}w
cH EI ' : EA
j M, ds
H=2
[ 32 ds

Temperature effect
+ Consider an unloaded two-hinged arch of span L.

+ When the arch undergoes a uniform temperature change of T °C, then its span would
increase by o L T if it were allowed to expand freely.

+ s the co-efficient of thermal expansion of the arch material.



4+ Since the arch is restrained from the horizontal movement, a horizontal force is induced at

the support as the temperature is increased.
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Analysis of 3-hinged arches

+ Itis the process of determining external reactions at the support and internal quantities
such as normal thrust, shear and bending moment at any section in the arch.
Procedure to find reactions at the supports
+ Sketch the arch with the loads and reactions at the support.
+ Apply equilibrium conditions namely >Fx =0, >Fy, =0 and>M= 0
+ Apply the condition that BM about the hinge at the crown is zero (Moment of all the
forces either to the left or to the right of the crown).
+ Solve for unknown quantities.
1. Eindthe BM.RS.NT catch 4m from left hand side.2m from right hand side of the three
hinged parabolic arch shown in fig. il

o *h*%

ONNANNANDAE ‘-rv'u'w*y_x"_f .

‘_\-

N,

Stepl: Find Va, Vi, Ha, Hs | ' "'l

TakeM @B = 0

Vax12+HaX0-10x16(6/2+6)-20x4+20x2
VoA =  55KN

TakeM@ A = 0

Vpx12+Hgx0+20x0+20x8+ (10x6%/2)
Ve =  45KN

Ry
8

X
§

!

11
o

Ha (LHS)
Vax6-(Hax4)- (10x6%/2)=0
Ha = 37.5 KN



Hs (RHS)

-VeX6+Hpx4-20x4+20x2 = 0
Hs = 37.5 KN
(i) BM. RS, NT (4m from LHS)
Yo Ar/L2(Lx-%?)
4x4112%(12x4-4?)
YD 3.56 m
Bending moment
M@D (Vax4)-(Hax3.56)-(10x42/2)
Mb 6.5 KNm
Normal thrust
NT VxSinb + HCos6
Vx Va-(10x4)
55-40
15 KN
0 4r/L? (L-2X)
25.46
NT 15xcos 25.46-37.5xsin 25.46
40.3 KN
Radial shear
RS Vxcos6 - Hsin0

15xcos 25.46 — 37.5 x sin 25.46
2.58 KN

(ii) BM. RS, NT (2m from RHS)

Ye
Vx
Bending moment
M@E
M@E
Normal thrust
NT
Vx

2.22m
25 KN

(-VBx2) + Hgx2.22
-6.75KNm

VxSin6 + HCos6
Vg-20
45-20
25 KN

4r/L2 (L-2X) 50.92



NT = 25x%c0s 55.92-37.5x%sin 55.92

= 43KN
Radial shear
RS = Vx cos0 - Hsinf
= 25%c0s 55.92 — 37.5 x sin 55.92
= -13.33 KN

2. Three hinged circular arch. a find support reaction. BM. RS, NT at 4m from L.H.S and 5m

from R.H.S. KN
e e,

Solution; Find Va. Ve, Ha. Hg '/ \
Take M @ B = 0 / < \"\
Vax20-50x18-75x16 = 0 / \
Va = 105KN / '\,I
Take M @ A=0 | = '

\V3 = 20 KN e %

e Emm——— ]

Ha(LHS) | 10m nom__ﬂ
Vax10-(Hax6)- (50x8) - (75x6) = 0 |

Ha = 33.33 KN
Hs (RHS)

He = 33.33 KN
Eind Yp

r (2R-r) = L%/4

L = 20m, r = 6m

6(2R-r) = 20%/4

R = 11.33m

R? = x"2+(R-r+Yp)? X'=6m

11.332 = 62+(11-6+ Yp)?

9.61 = 5.33+ Yp
Yp=4.28 m

0 = sin?(x'/R)

= sin(6/11.33)

= 31.98



() BM. RS, NT (4m from LHS)
Bending moment

M@D = (Vax4)-(50x2)-(HaxYDp)
= 117.35 KNm
Normal thrust
NT = VxSin6 + HCos0
Vx = Va-(75+50)
= 20 KN
NT = 20Sin31.98 + 33.33C0s31.98
= 17.98 KN
Radial shear
RS = Vxcost — H sinf
= 20%cos 31.98 — 33.33% sin31.98
= - 34.61 KN
(i) BM,RS,NT(6m from RHS)
x' = 5m
= 26.18
Bending moment
Ye = 4.83
M@E = (VBx5)+(Hex YE)
= (20x5) + (33.33%x4.83)
= 60.98 KNm
Normal thrust
NT = VxSinf + H Cos0
Vx = 20 KN
NT = 20 Sin26.18 + 33.33 C0s26.18
= 38.73 KN
Radial shear
RS = Vx cosO — H sinf

= 20xcos 26.18 — 33.33x sin26.18
= -3 KN



3. A two hinged parabolic arch of span 15m and a point load of 20 KN at a distance of 4m
from L.H.S. Find the BM, RS, NT 4m from L.H.S and 3m from R.H.S. since r = 5m.

. i 20 KN
Solution: Find Va.Ve J —

Take M@B = 0 7 gree T .
Vax15-20x11= 0 H
Va = 1467 KN
Take M@A= 0 l
Vpx15+420x4= 0
Vs = B53KN =
H = of' (ny dx)/(18r2L/15)
wo o= 1467Tx
e = -533x+80

-—
15m

RN
.. £

Substitute the po,u1 values to above equation and we get
H = 11.8 KN
(i) BM.RS.NT(4m from LHS)
Bending moment
Yo = 3.9m
M@D (Vax4)-(20x0)-(HaxYDp)
= 12.62 KNm
Normal thrust
NT = VxSinf + HCos6
Vx = Va- 20
= -5.33 KN
0 = 35.65
NT = -5.33Sin35.65 + 11.81C0s35.65 = 6.5 KN
Radial shear
RS = Vxcos® — H sinf
= -5.33%c0s 35.65 — 11.81x sin35.65
= -11.2KN
(i) BM. RS. NT (5m from RHS)
= 5m
= 28.65

Bending moment
Ye = 3.75

M@E = 0



Normal thrust

NT = VxSin6 + HCos6
Vx = 25 KN
NT = 25Sin28.65+50C0s28.65
= 55.87 KN
Radial shear
RS = Vxcos - Hsin6 = 25%c0s 28.65 — 50x% sin28.65
= -2.04 KN

4. A 3-hinged arch has a span of 30m and a rise of 10m. The arch carries UDL of 0.6 KN/m
on the left half of the span. It also carries 2 concentrated loads of 1.6 kN and 1 kN at5 m
and 10 m from the ‘rt’ end. Determine the reactions at the support. (sketch not given).

0.6 kN/m ll kN £.6 kN

S

5m

Hs=4.275 A B Hs=4.275
Va37.35 L=30m Ve =4.25
2F,=0
H, —H,=0
H, =H, - (1)

To find vertical reaction.
>F,=0

Va+Ve =0.6x15+1+1.6

=116

2M, =0
-Vex30+1.6x25+1x20+ (0.6x15)7.5=0

V =4.25kN
Va=4.25=116

Aa=7.35kN



To find horizontal reaction.
c=0
—1x5-1.6x10 +4.25x15-H x10=0

M

H, = 4.275kN

H, =4.275kN

OR
Mc=0
7.375x15 - Hax10 — (0.6x15)7.5

Ha =4.275kN

Hg =4.275kN

To find total reaction

N

VA = 7.35 kN RB VB = 4.25 kN
/

Ra

(04N HB =4.275 kN
Ha=4.275kN

J4.2752 4+7.352

=8.5kN

1|( V, \| 0
oa =tan =59 .82
\H, )

A

Re= Hg2 + V2 = 6.02kN

—1( VB\|
—tan | 1=4483
oB H

B



5. A 3-hinged parabolic arch of span 50m and rise 15m carries a load of 10kN at quarter span

as shown in figure. Calculate total reaction at the hinges.

10 kN
15m
He A B Hy
T A
12.5m
Va 50m A
> F,=0
HA = HB
To find vertical reaction:
2.Fy=0
VA+VB =10
ZMA =0
—VEB x50+10x125=0
Ve =2.5kN Va=7.5kN

To find Horizontal reaction
Mc=0

V,x25-H _x15=0
To find total reaction.

VA =75

Ra
(07

Ha=4.17

AN\ Ve =425

Hs =4.17



Hg =4.17kN =Ha

Ra= /4.17% +7.5

R a=8.581kN

1|( V, \| o
= =60 .92
aa =tan U:'_

R = 4.861kN
Ve

\He )

B

Problem: Determine the reaction components at supports A and B for 3-hinged arch shown in fig.
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2 180 kN
10kN/m = ¥ y LC

Ha A B Hs
\A

Hf/"

10m

Va
2.4m

X
X

8m 6m

To find Horizontal reaction
>F,=0
H,-H.=0
H,=H, - (1)
To find vertical reaction.
SF,=0
V,+V, =180+10x10

V, +V, =280

2M, =0
—Vgx24 +Hg x2.4+180x18+10x 10x 5=0

y 0/ SR VAV T — 3)

Hg 10V, = —1558.33
Mc =0



—180x8—-Vg x14 — Hg x4.9=0

Hg x4.9-Vg 14 = —1440 (4)

— Hp +2.857Vg =+293.87
Adding 2 and 3
—-10Vg +2.857Vz = —1558.33+ 293.87

Vg=177kN

V,=103kN

Hg —10 x177 =—-1558.33

Hg =211.67kN =H,
A symmetrical 3-hinged parabolic arch has a span of 20m. It carries UDL of intensity 10 KNm
over the entire span and 2 point loads of 40 kN each at 2m and 5m from left support. Compute

the reactions. Also find BM, radial shear and normal thrust at a section 4m from left end take

central rise as 4m.

40 kN 40 kN 10 kN/m
M C
4m
st :
v 3 20m
> F,=0
Ha —Hg =0
__________ 1)
Ha =Hs
> F,=0
Va+Ve-40-40-10x20=0
.......... )

Va+ Ve =280



ZMA =0
+40x2+40x5+(10x20)10-V,x20=0

V=114 kN
V,=166 kN

M, =0
— (10x10)5—Hgp x4+114x10=0

Hgs =160 kN

Ha =160kN

VERTICAL

) kNM 3 =3\ 64-35 NORMAL
UM o5t
L 160 kN HORIZONTAL

Yy =2.56
861kN

‘REDIAL

166 kN

BMat M
=-160 x 2.56
+166 x4 —-40x2
- (10x 4)2
=+ 94.4 KkNm
4hx

L>
4x4x4(20 4)
20°

y=2.56m



4h
tang= __(L-2x)

ax4 L
= (20-2x4)
¢ =25°.64
Normal thrust = N = + 160 Cos 25.64 + 86 Cos 64.36
=  181.46 kN
S = 160 Sin 25.64 - 86 x Sin 64.36

S = - 8.29 kN



1) A parabolic two hinged arch has a span of 40 m and a rise of 5 m. a concentrated load 10 kN
acts at 15 m from the left support. The second moment of area varies as the secant of the

inclination of the arch axis. Calculate the horizontal thrust and reactions at the hinge. Also
calculate maximum bending moment at the section.
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e fi'_ ﬂ’j i
A=

Step 1 Veytial Reactions

ZXZ°

Vap+Vg = IO

—

'roucm% monent abeout A
—=Vg x40 +00x:5) =0

P —
<
»
)
e
~J
n
™
Z

]
1
o
%)
)]
%]

Step 2: Hovizontal Thyust (B):-

b o f“'ﬂ‘b‘

\

[ y*dx
o
5 40
H = fll, Yydx + f Hap g don Nv U+ ()
(=] - I = D
e

Toy"d'x
o



sheye, "

i\

Beayn bending mowent o Ax.

Mz = Beoam bending moment in X B
I") De nomir)q{'o-( A

¥y = AYe yll-2) = Z(X5(4ox—712)
i (40)°
9= o.5x -o0-0l25%x%.

b"( = j;o‘j"d-x
(n]

A

40 2
J’ [o-5% - 0-012¢ 22 )din

o
40
= J‘ (0'2512+ ;.5{,){10"#)(4‘ - 0-0!25')13)6(91.
i o ko
= 0‘?57‘1“+ |-56sz‘*;5 _ o-ptzsx‘j
-3 s o

1

[(5333.33 + 3)ah.§g - §0oD) — 0]

1) MNumevatoy (1) 1~

s
NY LY = ju,ydx
o]
heve, -
, = Vg = b.25%, = 625K
5

Ny (1) = j 6-257([0'-.57‘ -—Q.o}:zg)(‘,) d=

i

.26 %% _ 0.078%%
[ e oot

[( 23515.- 63 — 987-)8)—0

©
/43
(o]

/5

W

M 1) 2628-46‘

\|




i) Nuwmevatoy (2) -

N'le) = uz fjdx

15
hexe,

"

2 = Vyxx, - 10 (2%:-is)

= b.25% — |o%n +ISD

W, = 150 - 3-75%

o
Ny (2) =~ f(150~ 3-7¢%) (0-5%0. 0125 %2 ) dx
1S

o
= fé§X'ﬁ 1:875° %2 — 1-875 %% 5 0. 049>3) dx
=

40
= f 65x— 3-75 x> +0:047%3)dx
5

4o
- I5AT _ 3-7{7(.3_}_ o047 x4
2 3 4

s
[(éoooo ~ Booop + Boogo) — C 8L37.5 — 42]g.75 + 5@4.,@)]

1\

[MTfﬂ}:.Slééoéﬂ
H = ""J‘rff‘) +M‘¥fl)
D

Step 3. Reactions ot A and B :-
€r= [v2,p2 e
A VA2+H = J?6.25)2+(,4.76)2
| Ba = 16.03 fen |
l}\;/BI-fH? = J-ZB.%)z_’_.‘.éuP?é)z
tB = /5.22){,\11 .

~ (25.1&45 +5266-4J)
Sog. 29

W




step 4 ;1 Marimurs Bendu‘ng Mowment .-

My = Vaxi5 = Hxy

heye,
2ye H ~ 4gc.x[‘l..'p() :_{"LS_ X)S(""OF}S)
FE (#2)”
(‘J = L4680

My = @-25‘ X15 ) - {14-76x b bg)
me; 24467 KN

2. A two hinged parabolic arch of span 25 m and rise 5 m carries an udl of 38 kN/m
covering a distance of 10 m from left end. Find the horizontal thrust, the reactions at the

hinges and the maximum negative moment.
38 kw0

Je—NDr"

A ey —
P e i e e e L. oy
_ ‘ [2:5m 1 25 Ve

‘ IVA A 25m

step1: Vertidal Reactions -

zv=o
Vy +Vp = 38x0 = 380
'qutina mowent about A

—Vg % 25 + 38x(8)" _ 4
V2

(\_’B_,.‘Z 76 kn

VA = 380 -T7&

Vy, =304 k'U‘i




tep 2 : Howzorr!:ql Hreust (H) -
- ‘or@i; Y +Hs ﬁ)dﬁ(

~} Y2 da

q = 45‘ (lx-x2) = 4"5 (25x-7)

Yy = 0.8x - 0-0327%%

D) Denomivator :-

¥ 26 by 25
f Y "dx -—f(o.gx-—o-o‘azxz)a/x
(V]

o
25
= f(o.bz,c 1% lo2xt53x % - 0:051%3 )dlx
o
s 3 5 ~3" 25
g [a 62 . Fo2XO AT _ o asiak
3 = -

[~

= [é333~33 + 19928 — 49@0.46)_0']
fDT = 2345.06.
(1) Nuwevator (1) 1~ { loaded POfb:bn)

Ky = v,,xm = BERh - Sohw— 1A
.

Ny (1) = j M, yd—x = f[soq.-x——m-x’)x(a 8 - ooaza@ ax

Jé#s 2%% — A 728 A ..15-.213.,.0-6031)dx

fé/,g.:z x2 - 24:93 %>+ 0. 608‘:(4_) adx

O
= [24_3“2 %3 24.93 2% i .0-60815j
= 4 5

[(81066-&7 - 62325 4 12)60) — O]

o

| (D) = 20901- 67




1Y) Nuweyator (2) 2 -
e
My = Vgrld=2) =76 (25~%) = 1900 -76x

25
nvyl2) = f Ms Y d
o o
25
= j {1900 —96x) (68 %- ©-0322) dx

to

25
% f[zs:_ow— bo-gn” — b0-8 A" +2.43%3 )dx

fo

- [}52012 12163 3 2:43 'x‘szs

- . * 0

= [( 475000 ~ £33333.32 + 237304.6g)
& C7booo — 40533.33 4 6075)]

= 7897135 — 4)54). b7

—

ﬁh(z): 37429‘-\681
CH o= Ny D M (2)
Dr¥
(36901- 67 + 374-29.6g>
SN
[H = 198-03 k|
Step 3 : Resultapt Reactons ).

C= {vrrnt = [Bony slam. oy
Fg = JV32+H7' =1(76)"+(198 .09

1




heve ,
d = % x{d=x)

LX5E

@8y

375 .

"

x 1875 x b.2%5

al
I

Mx = (76x6.25) - (195. 03 X 375 )

gm'x = *267m]

Stg 4 Madivy m Bendfr).g Morent -
The wavimym n¢gaﬁ‘vzf. baodir)g smowent occuye at
vight of the fpay

* = 3/4[ = %xis‘ = 18.75 7’79'“7/4

-

\

25-)87¢ = 6:2Crmn /aom B.

3. A parabolic two hinged arch of span 60 m and central rise of 6 m is subjected
to a crown load of 40 kN. Allowing rib shortening and temperature rise of 200 C,
determine horizontal thrust, H. Ilc = 6x10scma4, Ac= 1000 cmz, E = 1x104 MPa,

o=11x10%0C, | =Icsec 0.

40 KN




Hovizontal Hmut = 4, + 4,
hew,H’ - hovizoptal Pt undey the load
Hz = hovizontal Hrwt due 1o temperature vis

AT ET

[y ds
0

S 1y dx

fy’dx
Step i« Veytical Peattions:-

=Zv=0p

}‘)2 =

VA +VB — 40
'ram‘ns moment about A,

"VBX Go -)-[4-0)( 30) -0

}VB = 20KN

Va - 40 -2p
F‘/g = 20 EN

Step 2; Hovizontal thvust (H,):-
My & J‘.ugdx _
2,4 T ©
Jy*dx fyzdx
o

N'x(l) + N*r(?-)
Dy

30 60
Jityydw 4 f Mayex
o 30

H, -

i) Denominatoy : -
— 6o
DY = fﬂ"d‘l
o]
e Y= ey (loa) = A (frond)
§= Lbo)’"

2% [bon 2D
(60)7‘

o.4x —0-cob7x*

i

\1

[ 4




bo
Dr = f (04x - o-o'oé‘?x’)zd""
0

b0
= f (01832 4-48xw55 n% - 0.005423) dx
0

- T
= [o WA= 4 hobgnmeS%S

3
% — L EE _o-oosz,'x"‘j
e 4

(2]

= [( 1520 + 6967.29 - !7496) ——oj
}—BY = qq"zq

i) Num'e_éd'toY {1):-

() ? e
Ny (1) =
Y of}l.y dx :f(ao X)( 0-4% = 0-004 x2) dy
30 .
s J’ég %2 0-139-7(3)%(

(v]

3

= (_g_og - 0.13414)
3

*

[( 72000 ~ 27/35 )~ 0]
| NilD = 44865 |

i) Numgvatoy(2) .
- g .
Ny (2) = f My y dx

3o

o

]

hew, Ly = 20 ~4oX 41200

H, = 200 —20%
bo _ 2y o
ur2) = [ (1200-20%) (0-4x - 00067 X°) o
30 :
b
F‘f%‘ﬁo‘x - BopR- ‘3?‘1'*5’"3“‘3)‘;1
30

bo '
= 5 C#gg'x - 1b6-04 A* + 0. 134 13) o x
3e



bo

= [4'801’2 _}b-o¢'x3+ o- Jsm‘rj
= 3 4
30

= }j( Bbhooo — [)154880 + 434160 )
- (2}6000 — 144360 + 27)35)]

Ny (D) +Nal(2)
- _—_-_-_,_——-‘——
1 Dy

= [44 865 4 44505)
99). 28

. [HI - Go-16 kN

Step 3 : Intveased Hovizontal Hrust ».

Hy = Lo TET
4

f'jzdx
heve :
A = b0 m @
o = x1078 %
T = 20%¢ .
E: = /J(}D’MPG = ’Y/om'v/mz
I = T,cere
T 5
¢ 6110 tm 4 = 6()05x10'8 = 0:006 m#é
= Y | |
Y i (1% - x2)
dy |
- - Y
Pid T e



= 4x6 (40- 2(30))
(60)‘2
& = p.
2., , L = IC Sers
- Zo06
tos{o)
I = 0.006 o 4
d = iic' {dx - 7(1)
12

= A%b (pox-%?)
(64:7)z

YT 0 b - 0-0067 X*

bo &0 N
Bromy H A = J (04 — 0006727 ) dx
. 0
bo
o~ j@-lb!’-} 4-48%"557"—- 5-3“10’3’)(3‘)(1)&
0

-3 % . bO
_ T o>, 4 48905°%°% _ 5.34 10~ % ]
i i SucialBl

3 = = 4

[+

= [(nszo + 698129 - !7366-4)'-0]

Dy = 113489

My = (60:: x5 8 x20x 1710"%% o.ooé)
3y -89
H1 = bq7‘8é N
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What is a linear arch?
If an arch is to take loads, say W1, W2, and W5 (fig) and a Vector diagram and funicular polygon are
plotted as shown, the funicular polygon is known as the linear arch or theoretical arch.
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+ The polar distance ,,ot" represents the horizontal thrust.

+ The links AC, CD, DE, and EB will be under compression and there will be no bending moment.

+ If an arch of this shape ACDEB is provided, there will be no bending moment.

+ For a given set of vertical loads W1, W2.....etc., we can have any number of linear arches depending on
where we choose ,,0* or how much horizontal thrust (or) we choose to introduce.

State Eddy’s theorem.

+ Eddy*s theorem states that “The bending moment at any section of an arch is proportional to the
vertical intercept between the linear arch (or theoretical arch) and the centre line of the actual arch.”
+ BMx= Ordinate 0203 x scale factor

Actual arch

Theoretical arch

Distinguish between two hinged and three hinged arches

SI. No Two hinged arches Three hinged arches
1 Statically indeterminate to first T — —
degree -

5 Might develop temperature Increase in temperature causes increase in

- stresses Central rise. No stresses.
Easy to analyse.

3 Structurally more efficient But in costruction, the central hinge may
mvolve additional expenditure.

‘ Will develop stresses due to Since this is determinate, no stresses due

4 simnking of supports to support sinking.




Rib-shortening in the case of arches.

+ Inatwo hinged arch, the normal thrust which is a compressive force along the axis of the
arch will shorten the rib of the arch.

+ This in turn will release part of the horizontal thrust.

+ Normally, this effect is not considered in the analysis (in the case of two hinged arches).
+ Depending upon the importance of the work we can either take into account or omit the
effect of rib shortening.

+ This will be done by considering (or omitting) strain energy due to axial compression
along with the strain energy due to bending in evaluating H.

Strain energy due to bending (U,)

U, = [ 2 a
e 2E1
Where,
M = Bending moment
E = Young's modulus of the arch material
I = Moment of inertia of the arch cross section
s = Length of the centreline of the arch
Strain energy due to axial compression (U,)
[ f ’\ s
Where, « 2AF
M = Bending moment
N = Axial compression.
A = Cross sectional area of the arch
E = Young’s modulus of the arch material
s = Length of the centreline of the arch

Total strain energy of the arch
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